ON A CLASS OF HYPOELLIPTIC OPERATORS WITH UNBOUNDED 

COEFFICIENTS IN 



BALINT FARKAS AND LUCA LORENZI 



Abstract. We consider a class of non-trivial perturbations si of the degenerate Ornstein- 
Uhlenbeck operator in R^. In fact we perturb both the diffusion and the drift part of the 
operator (say Q and B) allowing the diffusion part to be unbounded in R^. Assuming that the 
kernel of the matrix Q(x) is invariant with respect to x £ and the Kalman rank condition 
is satisfied at any x G by the same m < N , and developing a revised version of Bernstein's 
method we prove that we can associate a semigroup {T{t)} of bounded operators (in the space of 
bounded and continuous functions) with the operator .e/. Moreover, we provide several uniform 
estimates for the spatial derivatives of the semigroup {T(t)} both in isotropic and anisotropic 
spaces of (Holder-) continuous functions. Finally, we prove Schauder estimates for some elliptic 
and parabolic problems associated with the operator jz^. 
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1. Introduction 

In the last decades the interest towards elliptic and parabolic operators with unbounded co- 
efficients in unbounded domains has grown considerably due to their applications to stochastic 
analysis and mathematical finance. 

The literature on uniformly elliptic operators with unbounded coefficients in is nowadays 
rather complete (we refer the interested reader, e.g., to [3]). The picture changes drastically when 
one considers degenerate elliptic operators with unbounded coefficients. The prototype of such 
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operators is the degenerate Ornstein-Uhlenbeck operator defined on smooth functions by 

N N 

s^ip{x) = ^ qijDijifi{x) + ^ hjXjDnp{x), x e , (1.1) 



where Q = (qij) and B = (bij) are suitable square matrices such that Q is singular and the 
condition det > is nevertheless satisfied for any f > 0. Here, 



Qt= ( e'^Qe"" ds, t > 0. 
Jo 

The condition det Qt > is equivalent to the well-known Kalman rank condition which requires 
that 

rank[Q3,BQ^...,B"Q^] =iV, (1.2) 

for some m < N . In particular, ^ is hypoelliptic in Hormander's sense. 
A suitable change of the orthonormal basis of (see Remark 2.5) allows to rewrite the operator 
on smooth functions ^ as 

Po N 

^(p{x) = ^ qijDij(p{x) + ^ hjXjDiip{x), X e M^, (1.3) 

for some positive definite and not singular po x Po matrix Q = {qij) and some po € {l,---)-^— 1}- 

In [17] Lunardi proves that one can associate a semigroup of bounded operators {T{t)} in C;,(R^) 
(the space of all bounded and continuous functions) with the operator ^ in a natural way, i.e., for 
any / e C6(IR^), T{t)f is the value at t > of the (unique) classical solution to the homogeneous 
Cauchy problem 

f Dtu(t, x) = £/u{t, x), t e]0, +oo[, X e M^, 

\ (1-4) 

[ u{0,x) = f{x), xeR^, 

where by classical solution we mean a function u which (i) is once continuously differentiable 
with respect to the time variables and twice continuously differentiable with respect to the spatial 
variable in ]0, +oo[xR^, (ii) is continuous in [0, +oo[xIR-'^ and bounded in [0,To] x for any 
To > and (iii) solves (1.4). 

One of the main peculiarities of the Ornstein-Uhlenbeck operator is that an explicit represen- 
tation formula for the associated semigroup is available. This fact allows the author of [17] to 
prove uniform estimates for the spatial derivatives of the function T{t)f when t approaches and 
/ belongs to various spaces of (Holder-) continuous functions. In fact, the behavior of the spatial 
derivatives of T{t)f depends on the variable along which one differentiates. As a byproduct, this 
shows that the right (Holder-) spaces where to study the semigroup {T{t)} are not the usual ones 
but rather anisotropic spaces modelled on the degeneracy of the operator s^. Denoting, roughly 
speaking, by "^^(M^) these anisotropic spaces, Lunardi shows that 

l|r(0/lk^(R«) <C't-^||/||^c(R^), te]o,i], (1.5) 

for any < a < ^ and some positive constant C, independent of t, i.e., what one can expect in the 

non-degenerate case when and "^f ^ arc the usual Holder spaces, even for unbounded coefficients; 
see e.g., [2, 18]. Estimate (1.5) represents the key stone to apply an abstract interpolation argument 
from [16] to prove optimal Schauder estimates for the solution both to the elliptic equation 

\u{x) - s^/u{x) = h{x), X e M^, A > 0, (1.6) 

and to the non-homogeneous Cauchy problem 

f Dtu{t,x) £/u{t,x) + g{t,x), te]0,Tol xeR^, 

S (1-7) 

[ u{0,x) = fix), x e E^, 

when f,g, h are suitable continuous functions such that g{t, •), /, h have some additional degrees 
of smoothness. 
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Recently, the second author, in [13, 14], has extended these results to some non-trivial pertur- 
bations of the Ornstcin-Uhlcnbcck operator in (1.1). More precisely, in [13, 14] the operator (1.3) 
has been studied under the assumption that 

po>N/2, -B = , . ], 

the {N — Pa) x po matrix B^ has full rank, and assuming that the matrix Q depends on x G 
and its entries are possibly unbounded functions at infinity. These assumptions imply that the 
Kalman rank condition (1.2) is satisfied at any x e R^, with m = 1. 

To prove the crucial estimates (1.5) a different technique than that in [17] has been applied since 
in this new situation no explicit representation formulas for the associated semigroup is available. 
More precisely, such estimates have been obtained by developing a variant of the classical Bernstein 
method in [1]. 

Recently, the results in [17] have been generalized, both with analytic and probabilistic methods, 
in [22, 23, 25] to non-trivial perturbations of the operator ^ in (1.3) in which an additional 
unbounded drift term is added. More specifically, Saintier in [25] considers the case when the 
differential operator is of type = + Y^^Li PjB>j, with being given by (1.3), with an even 
A'' and po = N/2 and Q = B = I. Here, F is any smooth function with bounded derivatives up 
to the third-order. This operator arises e.g., in the study of the motion of a particle y of mass one 
subject to a force field depending on y and its first-order derivative, perturbed by a noise. We refer 
the interested reader to [8] for further details. Applying the same techniques as those in [13, 14], 
Saintier proves optimal Schauder estimates for both the solutions to (1.6) and (1.7). Note that in 
this situation, the operator =2/ satisfies the Kalman rank condition with to = 1. The same problem 
is investigated with a stochastic approach in [22] . 

Very recently the results in [22, 25] have been generalized in [23] with both analytic and stochastic 
methods to the case when = -\- Yl^=i ^3^3 with some po < N, £/ still being given by (1.3). 

In this paper we extend a part of the results in [13, 14, 22, 23, 25] considering a class of elliptic 
operators that, up to a change of the coordinates, may be written in the following form 

Po N Po 

^(p{x) = ^ qij{x)Dij(p{x) + ^ bijXjDi(p{x) + Fj{x)Dj(p{x), x G , (1.8) 

for some po < N, where the matrices Qo{x) = {qij{x)), defined by qij = qij li i,j < Po and qij = 
otherwise, and B satisfy the Kalman rank condition (1.2) for some to independent of x. We assimie 
that F : M.^ — > R^ is a smooth function with derivatives whose growth at infinity is comparable 
with the growth of the minimum eigenvalue of the matrix Q^i^x). In the particular case when 
F = 0, our results apply to any elliptic operator of the type 

N N 

s^ip{x) = ^ qij{x)Dij(p{x) + ^ bijXjDi(p{x), X e R'^, (1.9) 

i,j=l i,3 = i 

when the Kalman rank condition is satisfied, by any fixed x G R^ , for some m < N, independent 
of X. 

The paper is organized as follows. First, in Section 2 we introduce the function spaces we deal 

with, as well as some notation. Moreover, we introduce the Hypotheses that will be assumed in the 
whole of the paper and we recall some preliminary results mainly from [13]. Next, in Section 3, the 
main part of this paper, we prove uniform estimates of the spatial derivatives for the semigroups 
associated with the family of non-degenerate elliptic operators £/g := s:/ + eAi, with A* being 
the Laplacian containing the missing second order derivatives, i.e., A-i, = D(^p^_^_i^p^_^i) -|- • • • -|- 
Df^^. More precisely, we show that the constants appearing in the estimates can be chosen to be 
independent of e g]0, 1[. Then, in Section 4, using these estimates, we prove that we can associate 
a semigroup {T{t)} of bounded operators in Cb{R^) with the operators in (1.8) and (1.9) and 
that the uniform estimates of the preceding section may be extended to {T{t)}. We also state 
some remarkable continuity properties of the semigroup {T{t)}. Further, we show that we can 
associate a "weak" generator with the semigroup {T{t)}, a generalization of the classical concept 
of infinitesimal generator of a strongly continuous semigroup, and we give a characterization of its 
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domain. In Section 5, we prove Schauder estimates for the distributional solutions to the elliptic 

equation (1.6) and the non- homogeneous Cauchy problem (1.7). Finally, in Appendix A we prove 
some technical lemmas that arc used in the proof of the uniform estimates. 

2. Main assumptions and preliminaries 

In this section we introduce the main assumptions on the operators we consider. We also fix the 
notation and the define the function spaces we use in this paper. 

2.1. Hypotheses. The assumptions on the coefficients of the operator in (1.8) and (1.9), we 
always put throughout this paper are the following. We begin by considering the case when is 
given by (1.8). 

Hypotheses 2.1. 

(i) Q{x) = {qij{x)) is af>o xpo symmetric matrix, with entries which belong to C"^(M^) for some 
K e N, K > 3, such that 

Pa 

qij{^)^iij > '^i^m^ ^ e M^, ^ G M^ (2.1) 
for some positive function u such that infjfw u{x) = vq > 0- Further, 

|£>«g,,(ar)| <q|„|||a;|(i-l«l)+v/K^, a; e R^, i,j = l,...,po, \\a\\ < k, (2.2) 
for some positive constant Chq,!!. 

(ii) There exist integers pi,. . . ,Pr with po > Pi > ■ ■ ■ > Pr such that the matrix B can be split 
into blocks as follows: 

f ★ * ★ ^ 

Bi * ★ 

B2 * ... * 



B 



(2.3) 



\ Br * J 

where Bh is a p/j x Ph-i matrix with full rank, i.e., rank(S^) = ph {h = 1, . . . ,r). 
(in) F e C""(IR^,MP'') and 

|£)"F(a;)| < C^/^, x € M^, ||a|| < k. 

Remark 2.2. 

(i) Since the coefficients qtj {i.j = l,...,po) need to satisfy both (2.1) and (2.2), the g^'s 

= 1, . . . ,po) and v may grow at most as \x\'^ as \x\ +00; 

(ii) Hypotheses 2.1 guarantee that the operator is hypoelliptic in the sense of Hormander, at 

any x G . 

The hypotheses on the coefficients of the operator ,2/ in (1.9) are the following. 
Hypotheses 2.3. 

(i) Q = (qij) is a TV X iV symmetric matrix with Qij e C"'(M^) {i,j = 1, ■ . ■ , N) for some k G N, 
«; > 3, and there exists a function u : — >]0, +oo[ such that vq ■= inf^^^N u{x) > and 

N 

J2 > '^{^m^ i G (ker(Q(0)))^, X S M^. 

(ii) For any a G Nq with length at most k, there exists a positive constant C = C\\a\\ such that 

\D"qij{x)\<C\x\'^^-\"^'>^^Mx), xgR^, i,j = l,...,N, \\a\\ < k. (2.4) 

(iii) The kernel of the matrix Q{x) is independent of x € and it is a proper subspace of K^. 
Moreover, ker((5(0)) does not contain non-trivial subspaces which are invariant for B* . 

Remark 2.4. Note that Hypothesis 2. 3 (iii) can be rewritten in one of the following equivalent 
forms: 

(a) the matrix Qt{x) = Jq e^^ Q{x)e^^' ds is positive definite for any t > and any x G R^; 
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(b) there exists r < N such that the rank of the block matrix 

[Q{x), BQ{x), B^Q{x), B'^Qix)] 

is N for any x G M^. 

To prove this claim, it suffices to adapt to our situation the proof of [12, Proposition A.l]. For the 
reader's convenience we give a detailed proof in the appendix (see Lemma A.l). 

Remark 2.5. If the coefficients of the operator ,c/ in (1.9) satisfy Hypotheses 2.1, then one can 
find a suitable change of variables which transforms ^ in an operator of the type (1.8) (with 
F = 0). To check this fact, let us denote by {14 : fc e N} the sequence of nested vector spaces 
defined by 

Vk = (ker(Q(0))nker(Q(0)B*)n...nker(Q(0)(B*)'=))^, 
for any k gN. In view of Lemma A.l and Hypothesis 2.3(iii), there exists a positive integer po < N 
such that Vpg = and Vk is properly contained in Vk+i if fc < po- 

Let now Wo = Vq and be the orthogonal of Vk-i in Vk, for any k = 1, . . . ,po- Let pk = 
dim(lFfe) for any k < po- Of course, = 0^=0 ^fc- orthonormal basis {e[, . . . , e^} of 

M.^ consisting of vectors of the spaces Wk (fc = 0, . . . ,r). Adapting the proof of [12, Proposition 
2.1] to our situation, we can show that in the basis {e'l, . . . ,e'^} the operator may be written 
as in (1.8) with the coefficients satisfying Hypotheses 2.1. 

In view of Remark 2.5, without loss of generality, throughout the paper, we can limit ourselves 
to dealing with the case when ^ is given by (1.8) and its coefficients satisfy Hypotheses 2.1. 

2.2. General notation. 

Functions. For any real-valued function u defined on a domain of M X R^, we indiscriminately 
write u{t, •) and u{t) when we want to stress the dependence of u on the time variable t. Moreover, 
for any smooth real- valued function v defined on a domain of M^, we denote by Dv its gradient 
and by |Dw(3;)| the Euclidean norm of Dv{x) at x. Similarly, by D''v [k G N) we denote the vector 
consisting of all the /e*'^ order derivatives of v with no repetitions. This means that we identify A;*^ 
order derivatives of type g^.^^ J,^.^ and when (ji, . . .,jk) is a permutation of (ii, . . .,ik). 

We agree that the vector D^v contains only derivatives g^^*" with i\ < 12 < ■ ■ - ik- We denote 
by \D'^v{x)\ the Euclidean norm of the vector D''v{x). 

Asymptotics. Given any real- valued function u defined in some neighborhood of -|-oo and m e N, 

we use the usual notation u = 0(5™) when Imis^^oo s~"^u{s) = 0. If {u,a}ae^ is a family of 
functions which are defined in a right-neighborhood of (independent of a), we write Ua = o(t'^) 
(for some m € N) when limt_>o+ t~'^Ua{t) = for any of such parameters. 

Matrices. We denote the kx k identity matrix by Ik and the transposed of a matrix ^ by ^* . For 

any matrix A we denote by \\A\\ its Euclidean norm. If A is symmetric, A,iii,i(j4) is the minimum 
eigenvalue of A. Finally, we use the notation to denote matrices when we are not interested 
in their entries. 

Miscellanea. We agree that No = NU {0}. Given a multi- index a = (ai, . . . , «„) G N™, we denote 

by II all := '^^^i oii its length. Moreover, by a+ we denote the maximum between a G R and 0. For 
any i? > 0, we denote by B[R) the open ball in R^ centered at a; = and with radius R. B{R) is 
its closure. 

2.3. Ordering the derivatives of smooth functions. Here, we introduce a splitting of the 
vector of all the derivatives of a function u : R^ — > R of a given order into sub-blocks. This 
splitting will be extensively used in Section 3. 

Given A:,g G N, we introduce a (total) ordering "^g" in the set J'kyq of all the multi-indices in 
Nq"*"^ with length k. We say that (mo, . . . , rUg) (toq, . . . , m'^) if there exists h = 0,. . .,q such 
that m,j = m,'j for any j = 0, . . . ,h — 1 and ruh > m/j^. We thus may order the elements of J^fc,, in 

a sequence i[^''^^ dig ■ ■ ■ ii^f ■ Here, Ck^q := 

Now, to order the entries of the vector D'^u [k G N) we proceed as follows. Let {pq, . . . ,pr} be a 
given set of non- increasing integers such that po H \-pr = N, throughout the paper these will be 
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fixed as in Hypotheses 2.1 (ii). Wesetp_i := and introduce the sets = {i G N : rj <i< rj+\}, 
{j = 0, . . . , r), where r; = X]fc=o^'fe-i ' ~ 0, . . . , r + 1. Moreover, we spUt into the 

direct sum R''^ = ®^=o • Hence, any multi-index a G Nq can be split as a = (ao, . . . , a^) with 
aj G Nq^ (j = 0, . . . ,r) and we can write |a| := (||ao||, • • • , HarlD- We can now split the vector 
D'^u as follows: 

(i) we split D'^u into blocks according to the rule: D'^u = {D^u, . . . , D^^ m), where DjU {j = 

1, . . . , Ck^r) contains all the derivatives D^cp of order k such that \a\ = i^j^'^K where 

(ii) we order the entries of the vectors DjU {j = 1, . . . ,Ck,r) according to the following rule: if 



D"u and D^^u belong to the block D^u, we say that D"u precedes D^u if /3 ^ 



N-i a. 



2.4. Holder spaces. Here, we introduce most of the isotropic function spaces we deal with in this 
paper. 

Definition 2.6. For any fc > 0, Cj^(R^) denotes the subset of C'=(IR^) of functions which are 
bounded together with their derivatives up to the [kY^ order. We endow it with the norm 

Q|<[fc] \a\ = lk] 

where ||-D"f||oo denotes the sup-norm of D°' f and [_D" ,„^,x is the (fc— [fc])-H61der scminorm 

of /. We say that u G C^(M"'^ ) if it belongs to C^(M^^) for any k > 0. Finally, given an open set 
n (eventually, fl = M.^), by (7^(0) we denote the set of all infinitely many times differentiable 
functions with compact support. 

We now define the anisotropic spaces '^^^ (R^ ) € ) ■ Let po : ■ • ■ , Pr be as in Hypothesis 2 . 1 (ii) . 
To simplify the notation, we split any x G as a; = (xq, . . . , Xr) with Xj G (j = 0, . . . , r). 

Definition 2.7. For any > 0, %''^{R^) consists of all bounded functions f : ^ R such 
that f{xo, . . . ,Xj-i,-,Xj+i, . . . ,Xr) belongs to the Holder space C^^'"^''^^\rp^) for any Xj := 
{xo, ■ ■ ■ ,Xj-i,Xj+i, . . . ,Xr) in R^~Pi , and 

:= sup \\f{xl,...,Xj-l,■,Xj+l,...,Xr)\\Qe/^2j+l),^p^.<+oo. (2.5) 

We norm it by ||/||^e(R«) = Ei=o ll/llj>e for any / G 'rf%R^). When is such that 0/{2j + 1)€N 
for some j = . . . , r, we assume that all the existing derivatives of / G "^^(R^) are continuous in 

3. Uniform estimates for the approximating semigroups 

To investigate the elliptic and parabolic problems associated with ^ we approximate this operator 
by the uniformly elliptic operator ^ defined on smooth function <^ by 

N 

s^eV{x) := s^ip(x) + £ DiiLp{x), X G M^, 

for any e > 0. It is known that one can associate a semigroup of bounded linear operators {T^{ty\ 
on Cb{RJ^) with each operator For any / G C^iR^) and any t > 0, Ts{t)f is the value at t of 
the unique classical solution to the Cauchy problem 

f Dtuit, x) = s^euit, x), t elO, +oo[, a; G K^, 

{ (3.1) 
[ u{{),x) = f{x), xeR'^. 

The uniqueness of the classical solution to problem (3.1) follows from a corresponding maximum 

principle (see, e.g.. Proposition 3.1(ii)). The existence of a solution to problem (3.1) can be proved 
approximating such a problem with Dirichlet Cauchy problems in balls centered at and radius n 
and using classical Schauder estimates and a compactness argument to show that the sequence of 
solutions {un} to such Dirichlet Cauchy problems converges, as n ^ +oo, to a fimction which 
turns out to solve problem (3.1). We refer the reader, for example, to [3, Chapter 1] and [20, 
Section 4] for more details. 
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By letting e go to and applying a compactness argument we will show the existence of a 
semigroup "generated by" si . For this purpose wc need estimates for the spatial derivatives of 
\Te{fy\ uniformly for e e]0, 1]. This section is devoted to the proof of such estimates. 

We start with a maximum principle for (degenerate) elliptic and parabolic equation, which leads 
to uniqueness of the distributional solutions to the problems (1.6) and (1.7), but which will be also 
crucial in the proof of the estimates for the spatial derivatives in Theorem 3.2 and Theorem 3.3. 
We postpone the, more or less standard, proof to Appendix A. 

Proposition 3.1. Let ^ he any, degenerate or non-degenerate, elliptic operator defined on smooth 
functions tjj by 

m N m 

^ipix) = qij{x)Dijtp{x) + ^ bijXjDiip{x) +Y^Fj{x)Djtp{x), x e M^, 

with the coefficients qij and Fj {i,j = 1, . . . ,m) being {possibly) unbounded functions in which 
may grow, respectively, at most quadratically and linearly at infinity. Then the following assertions 
hold true. 

(i) Let u G Ch(]R^) be a distributional solution to the equation Xu — = f , corresponding to 
some f e C5(K^) and A > 0, Further, suppose that DiU and Diju exist in the classical sense 
for any i,j — 1, . . . , m. Then, 

^lkllCi.(R«) < ll/IICb(K")- 

(ii) Let u : [0, Tq] x — > M (Tq > 0) he a distributional solution of the Cauchy problem 

Dtu{t,x) = ^u{t,x) + g{t,x), t€]0,To[, x € M^, 

u{0,x)^f{x), xeR'^, 

corresponding to some f G Ch(M^) and g G C(]0,ro] x R^). Further, assume that DiU, Diju 
{i,j = 1, . . . , m) exist in the classical sense. If g < in]0, Tq] x R'^ , then sup[o,To]xM" ^ 
supgjv /. Similarly, if g > in ]0,To] x , then inf[o,To]xM" u > infiRiv /. In particular, if 
g = 0, then 

imi,-)||oo< ll/IU, ie[0,To]. (3.2) 

The following theorem will be the most crucial ingredient for the construction of the semigroup 
associated with 

Theorem 3.2. For any e > 0, any h E N and any f E Cj^iR^), the function T^{t)f belongs 
to C^(M^) for any t > 0. Moreover, for any Tq > and any h,l E N with h < I, the function 
{t,x) t'^^~^^^ /'^{D^Ts{t)f){x) is bounded and continuous in [0, +oo[xR^, and when I > h it 
vanishes att = 0. 

Proof. We restrict ourselves to showing the assertion in the case when h = 0, the other cases being 
similar and even easier. We split the proof into two steps. In the first one, we prove that there 
exists a positive constant C, independent of /, such that 

\\D'T,{t)f\\^<Ct--^\\f\U (3.3) 

for any / E Cb(IR^), t > 0. Next, in Step 2, we prove that the function {t,x) ^ t^/'^{D^Te{t)f){x) 
is continuous up to t = 0. 

Step 1. Without loss of generality, we can limit ourselves to proving (3.3) in the particular case 
when / E C^iR^). Indeed, in the general case it suffices to approximate / E Ch{R^) with 
a sequence of smooth functions / E C^(M^), bounded in Cb{R^) and converging to / locally 
uniformly in R^ . It is well known that Tg{-)fn converges to T^{-)f uniformly in [0,To] x B{M), 
as n — > +00, for any M, Tq > (see e.g., [3, Proposition 2.2.9] or [20, Proposition 4.6]). Moreover, 
the classical interior estimates in [11, Chapter 4, Theorem 5.1] imply that 

\\F>^Te{-)fn- D^Te{-)f\\c([Ta/2,n\xB(M)) < C\\Te{-)fn - (O/ll L=o ([o,2To] x S(2M)) ' 

for any M, Tq > and some positive constant C, depending on M, Tq. Hence, D'-Ts{t)fn converges 
to D^Te{t)fn locally uniformly in ]0, +oo[xR^ and this allows us to extend (3.3) to any / e Cb{R^). 
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Now for the proof of (3.3) for / e C^(]R^), let ip e C^(M) be a non-increasing function such 

that ip{t) 1 for any t G ] - 1/2, l/2[, Lp{t) = for any t e R\] - 1, 1[. For > 1 define the 
functions rm : ^ R by r]ii(x) := ip(\x\/R) and vr by 

VR{t,x) := ^ s.''H'''if^{x)\D^UR{t,x)\\ t G [0,ro], x G 

m=0 

where ur denotes the classical solution to the Dirichlet Cauchy problem in the ball B{R) with 
initial value /, and a is a positive parameter to be fixed later on (a will be small). To simplify the 
notation, wo drop out the index R, when there is no danger of confusion. 

The classical Schauder estimates of [11, Chapter 4, Theorem 5.1] imply that v is continuous in 
[0, To] X B{R). Moreover, a straightforward computation shows that v solves the Cauchy problem 

' Dtv{t,x)=s?/v{t,x)+g{t,x), t€[0,To], x € B{R), 
< v{t, x) = 0, t€ [0, To], x€ dB{R), 

^ v{0,x) = {f{x)f, xGB{R), 

where, for any t G [0, Tq] and any x G B{R), the function g is given by g{t, x) = x) with 

N I 

gr{t,-) = -2 E E ^'^t'^rf^(lij{D^Diu{t),D^Dju{t)), 

i,j=l m=0 



92{t,-) = -{QDr],Dr]) E 2m{2m - l)art"'r]^'^-^\D"'u{t)\^' 

m=l 

m=l 

I 

gsit,-) = -2^r] E mart"'r]^"'-^\D"'u{t)\^ 



N I 



-8 E ^rna!^t'^ri''^-\ijDi'n{D'^u{t),D'^Dju{t)), 

i,j=l m=l 

I 

gi{t,-) = 2 E a'"i'"r/2'»([£)'",^]u(t),£)™u(f)). 

m— 1 

Here, [D"^,^] denotes the commutator between the operators D"^ and s^. Using the ellipticity 
assumption on we get 



gi{t) < -2iy E art'^r]'^"'\D^+'^u{t)f - 2£ E a'"t™77^™|T>™+^w(t)|^ (3.4) 

m=0 m=0 
(+1 l+l 

= -2v E a™-H'"-S^'""^|£'rw(t)|^ - 2e E a™-4™-S^™"^l^™w(t)|2, 

m=l m=l 

where D™u (respectively i?™w) denotes the vector whose entries arc the w}^ order derivatives 
Q^, with ij < po for some j = 1, . . . , m (respectively ij > po for all j = 1, . . . , m). 

We turn to estimating the function g^. From Hypotheses 2.1 it follows easily that 

{\/i4x), if i < Po, 
(3.5) 
e, if i > Po, 
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for any x G M.^ and some positive constant Ci. Taking this into account and using Young's 
inequality we conclude 

I 

93{t) < 2Ci ma"'t'^r]^"'-'^\D'^u{t)\'^ 



m=l 



+ mart"'rf'^-^^\D"'u{t)\ ■ \D'l''+^u{t)\ 

m=l 

I 

+ C2e marf^ri^'^-'^\D'^u{t)\ ■ \D"'+^u{t)\ 

m=l 

; 

< 2Ci ma'"i™r/2m-i|£)m^(^^|2 ^3_g) 

m=l 

+ C2 ^ m (a™-5t'"-^2m-2|^m^(^)|2 ^ a'"+5f™+5r,2mj,|£)m+ly(i)|2^ 
m=l 

; 

+ C2£ 51 ^ (a"-5t'"-^2m-2|£,my(^)|2 ^ a'"+5f™+5,72m|£,m+l^(^)|2^ ^ 

m— 1 

for any t G [0,To] and some positive constant C2, independent of e and t. The term 54 can be 
estimated similarly, taking now (2.4) into account. We obtain 



9A{t) < 2||i3||oo Y a'"tV"l^™«Wr 

m=l 

/ 771 

+ 2 Y a^t"??'" ^ (||£>"g||oo|£'r+'""w(i)l • ID'^uit)] 

m=l n=l 

+ ||D"F||oo|£'r+'""«(i)l • l^^wWl), 

for any t G [0,To], where |1-D'*(5||oo (respectively ||£''*F||oo) {h — denotes the maximum 

of the sup-norm of the functions D'^Qij (respectively D'^Fj) = 1,...,N). Hence, taking 
Hypotheses 2.1(i) and 2.1(ii) into account, we can write 

9i{t)<C3V Y a^-^t^-^^^I^T^WP + C3 Y a"t'"r?^'"|-D'"u(i)|2 

m=l m=l 

I 

+ C3Y a""5^'"-^^'"|£>'"u(^)|^ (3.7) 

m— 1 

for any t G [0,ro] and some positive constant C3, independent oit. Summing up, from (3.4), (3.6) 
and (3.7) we easily deduce that 

git) < Y M:^,{a,To)er-H"^-W'~'\DTu{t)\' 

m=l 
/ + 1 

I \ ^ 71 //"**■ /„ rr' A „rn,— 1 j.m— l_2m— 2 I r-\m C4.\\2 

+ Z^M^{^^To)a. t r] \D^^u{t)\ , 

m=l 

for any t G [0, Tq], where 

M*(a,To) ■.= {-2 + C2{m-l)V^^/^h + C3V^^/n)l^ 

+ {C2m + C2£m + C3 + C2e(m - l))^/sL^/^h 
+ {m + 2CimTo + C3To)a, 

M**(a, To) := - 2e + (C2m + C2em + C2e{m - 1) + C3)\/iv^ 
+ (m + 2CimTo + C3To)a, 
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for any m = 1. Since in M4(a, To) and M^*(a, To) apart from the first negative term 

everything vanishes as a \ for any m = l,...,Z + l, it foUows that for sufficiently small a > 
(independent of R\) the inequality g{t,x) < holds for any t € [0,To] and any x G B{R). The 
classical maximum principle yields then 

\vR{t,x)\ < ml, and so rri'^{x)\D^UR{t,x)\^ < CM\l, 



for any {t,x) e [0,To] x B{R). 

Now, (3.3) follows by letting R +oo. 

Step 2. We now conclude the proof by showing that the function wi : [0, +oo[xIR-'^— > R defined by 

wi{t,x) := t^'^^D^u{t,x) is continuous on [0, +oo[x]R^. 

If / G C^(IR^) this claim is easily checked. Indeed, in this case, if ur denotes the solution of 
the Dirichlet Cauchy problem on B{R) with initial value /, it is well-known (see [11, Chapter 4, 
Theorem 5.1]) that, for any Tq > and any m, M S N, with m < M and supp(/) C B{m), there 
exists a positive constant C; = Ci{m, M, Tq) such that 

||Mfi||c'+«/2.2'+e([0,To]xB(m)) <Ci {\\f\\cf+\Rf') + l|Wfl||c([0,2To]xS(M))) 

<2C,||/l|^2I + 9(jjJV), 

for any R> 0. Hence, by a compactness argument, we can easily show that ur converges to Ts{-)f 
in C[^^'([0, +(X)[xR^). Since the function \D'-ur\ is continuous in [0, +(X)[x]R''^ so is the functions 
wu too. 

Let us now consider the general case when / S Cb{R^). Then, there exists a sequence {/„} S 
C^(M^) which is bounded in Cb(M^) and converges to / locally uniformly in R^. Let us fix 
A;,m e N. By [15, Proposition 1.1.3(iii)], we know that 



C'(B(M)) - 'll'^llc(B(M))ll^llc' + i(B(M))' 



for some positive constant Pi = Pi{M) and any function ip G C^'^^{B{Ad)). Apply (3.8) for 
■0 = t'-^'^T{-)fn — t''^'^T{-)f and use the already proved inequality (3.3) to conclude 

sup \\tiD%{t)U - t-^D%{t)f\\c^-^)) 

tG]0,To] 

<Pn|T.(-)/n-Te(-)/|i;J;,,,^^, sup \\t'^TS)fn-t'^TS)f\\'^,: 



'C([0,To]xB(M)) ^gjQ^^^j " "C' + ^{B{M)) 

<P/r.(-)/.-T.(-)/|l4,,,^^, (3.9) 

for some positive constant P/. The right-hand side of (3.9) vanishes as n ^ +oo. By the arbi- 
trariness of To and M, it follows immediately that the function wi is continuous in [0, -|-(X)[xM''^. 
In particular, it vanishes at t = since the function {t,x) i— > t''^'^{D''T{t)fn){x) does for any n G N. 
This completes the proof. ■ 

We arc now in a position to prove the main result of this section. Our ultimate aim is to show 
that the semigroups {Ts{t)} converge to a semigroup {T{t)} which is associated with the operator 
and we also wish to establish estimates for the spatial derivatives of {T{t)}. Contrary to 
the uniformly elliptic situation of {Tg{t)} the behavior near t = of the partial derivatives of 
D°'T{t)f is expected to depend not only on the length ||a|| of the multi-index a, but also on the 
directions along which we differentiate. Thus the well-know behavior is replaced by some 

function growing faster near 0. The exact behavior is well-known, e.g., for the Ornstcin-Uhlenbeck 
semigroup (see [17]) and the optimal exponent is actually given by the following function q. We 
define q : ^ M as 

fe=o fe=l 
With this function the, still to be constructed, semigroup {T{t)} will obey the estimate 

||£'"T(i)/||oo<Ci-«(H) 11/11^ 
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for any / e C6(K^) and a e Nq^ (recall the notation \a\ = (ao, ai, . . . , ar) from Subsection 2.3). 

Whereas, if wc have a control over certain derivatives of /, say / G C^(R^) we expect a better 
behavior. Indeed, this will be the case. For the precise statement we will need the following 
function qu : NS+^ ^ M (/i e No). We let 

k=0 ^k=ji0) ^ 

for any multi- index /3 G Nq^"'^, where j(/?) G No is the smallest integer such that X]j=j"(;3) — 

and we agree that J2k=o ^'^k '■= and qh{P) = 0, ii h> This function describes the expected 
behavior near t = in the estimates of the derivatives, and it models the following: if we have a 
function in Cj^^iR'^), then we can drop out any h partial derivatives from a multi- index a, since 
these should not contribute to the power of t. We do this in a way that derivatives which would 
give the largest contribution in the derivative-estimate are dropped out. Then, we can evaluate 
our q on this new multi-index and get the right behavior near t = 0. 

The in e e]0, 1] uniform estimates for spatial derivatives of {Tg{t)} are given by the following 
result. 

Theorem 3.3. For any compact interval J C]0, -|-oo[, multi-index a = {ao, . . . , ar), with aj G Nq^ 
(j = 0, . . . , r) and \\a\\ < k, any h G No, with h < \\a\\, there exists a positive constant C, depending 
on a, hut being independent of e s]0, 1], such that 

\\D<^TS)f\\oo < ^t-"'(l"l)||/||cj(M-), teJ, e e]0, 1]. (3.10) 

For the proof we need some preparation and auxiliary results. Define the function f:N\{l}^N 
as follows. Let im'^^ = (0, ai, . . . , a,.), where k = \\a\\, and let j be the smallest integer such that 
Uj > 0. Then, £{m,) is the index such that i£(^m) ^ (0, ... ,0,1, aj — I, ctj+i, • • • , ar). As it is 

immediately seen, (z(4(m)) ~ Q{im'^^) — 1- Moreover, we have £{m) < m. These will be used in the 
sequel without further mentioning. We also need some properties of the function qh presented in 
the next lemma (the proof is in Appendix A). 

Lemma 3.4. For a G Nq"*"^, the following hold. 

(i) ^ h if and only if qh{a) = 0. 

(ii) We have quia) > {\\a\\-h)+ /2. 

(iii) If ||q:|| > h and (3 — (ao + 1, cti, ■ ■ ■ , ctr), then qh{P) = qh{ct) + 1/2. 

(iv) If (3 = a — ej*^^^^ + ^^j'^^^ f^'^ some < < r such that aj > and j' < j + 1, then 

qh{a) > qhiP) - 1- 

(v) Suppose that ao,. ■ ■ , aj^-i = and aj^ > for some jo > 0. Set (3 = a — ejl^"''^'' + Cjo-i'' • U 
h < I, then qh{a) > 1 and qniP) = Qh{ci) — 1- 

(vi) Suppose that ao, . . . , ajo-i = '^'^'^ '^jo > some jo > 0. Set a ~ a — e^^"''^'' + 6^^^}'' 
and (3 — a — ej*^^^' -I- ej^'*'^^ for some < < r such that aj > and j' < j + 1. Then 
qh{al + qh{a) > 2qh{P) - 1. _ 

(vii) Let a and a be two multi-indices such that aj < aj for all j = 0, . . . , r and ajg < ajg for 

some jo- Further, let (3 = 26^^'^^^ + a. Then, we have qh{a) > qhiP) — 1- 

Also the next linear algebraic lemma will be used in the proof Theorem 3.3. For a proof we refer 
to [13, Lemma 2.6]. 

Lemma 3.5. Suppose that Q = (qij) and A are non-negative definite N x N square matrices. 
Further, assume that, for some m e N, the m x m-submatrix Qo = {qij), obtained erasing the last 
N — m rows and columns, is positive definite and qij = if max{i,j} > m. Then, 

Tr{QA) > X^in{Qo)Tr{Ai), 

where Ai is the submatrix obtained from A by erasing the last N — m rows and columns. 

Proof of Theorem 3.3. Throughout the proof, we simply write Ch and im^ instead of Ch,r and im'^\ 
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Let e e]0,l], h,k € N with h < k < k, f € C^{M^). Further, we introduce the function 
Ve : [0, +oo[xM^ ^ M defined by 

k 

Ve{t,x) = ^{M'^^\t)D^Ue{t,x),D^Ue{t,x)) , {t,x) G [0,+(X)[xIR^, 

1=0 

where = T,{-)f and .y^'-^^t) {l = 0,...,k) are suitable symmetric matrices. Namely, J^^'^^ = 1 
and the matrices ^('^(t) {I = 1, . . . ,k) are split into c; blocks Hm.p{t) according to the splitting 
of the vector D^Ue introduced in Subsection 2.3. We set Sp^ = #{a G Nq : \a\ = ip^}. Now the 
matrices Hm,p{t) have the form 

if TO = p. 



p,e{p)) 



if m > c;_i and p = £(m) 



a<?.(p) {H%J*, iip> ci-r and to = t{p), 



0, 



otherwise. 



for any i > and some constant Sm x s^^^^^^-matrices to be determined later on just as 

well as the positive parameters a > 1, r]m,m and Vme^m)' ^® following requirements on 

these parameters: 

(3.11) 

for any Z = 1, . . . , fc and any m > c;_i. Conditions (3.11) guarantee that the matrix (i = 

1, . . . , A;) is positive definite for any t> Q. Moreover, we will also need to assume that 'q^\ = 1 and 

(a) 2r]^^rn < rt 



(0 , (!) o (0 

(b) sJ'Hm),e(n.Mm]m-^^m,H,n) > 2\\H„ 



(0 



(b) n 



(0 



Q_i <m<ci, 
ci-i < p < m < ci, 



(c) 2 max 77^ < min 77;^ 

m—l,...,ci ' m— l5...,Ci_i ' 



(0 



(3.12) 



JO 



P < C;_i < TO, 

1(e) 2?7^V) < "'XU.^W'"))' to,£(to)>C(_i, 
for any I = 1, . . . ,k. For the moment, as it will be crucial in the following, we assume that the 
constants r]m,m, ''lp\{p) (^ = 1, • • • , A;, to = 1, . . . , c;, p = ci-i + 1, . . . , c;), satisfying the conditions 
(3.11)(a) and (3.12), can be actually determined. We will return to this point at the end and show 

that this is actually the case. 

From Theorem 3.2 it follows that the function is continuous on [0, +oo[xM^. A straightforward 
computation shows that it satisfies the Cauchy problem 

' DtVe{t,x) = s^^vS,x)+ge{t,x), t e]0, +oo[, xem.^, 

h 



v,{Q,x) = J2{'^^'K0)D'fix),D'f{x)), 



X e 



tN 



where the function is given by 

N k k 

ge=-2Y^ J2Q!j{^^'^D'D,Ue,D'D,u,)+2j2{^^'\D\{B-,D)]u„D'u,) 
i,j=i (=0 1=1 

k k 

l=h+l 1=1 

k 5 

+ 2^(Jf {F,Dl)]u,,D'u,) := ^<?,-„ 

1=1 j=i 



(3.13) 
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the matrix (0 is obtained by entrywise differentiating the matrix with respect to time, and 
we have D^DiU^ = Diu^. Note also that the commutators here arc understood coordinatewise. 
When h = k wc agree that the first sum in the second hne of (3.13) disappears. 

We are going to prove that we can fix Tq small enough, but independent of e, such that (?e < 
in [0,To] X M^. Proposition 3.1(ii) then will yield < X;f=o('^*'HO)£''/, -D'/) in [0,7o] x M^. In 
particular, this implies that 

{je^^\t)D^u,{t,x),D^uS,x)) < C'||/||^.(RK), {t,x) e [0,To] x , j = l,...,k, 

for some positive constant C. Since the matrices J^^^-* (t) are positive definite for any j and any t if 
we assume (3.11), we obtain that (3.10) holds in the time interval [0,To]. The semigroup property 
allows then to extend this estimate to any compact time interval J c]0, +oo[. 

We now turn to the estimation of g^. 

Estimating the function gi^^. Lemma 3.5 and the ellipticity condition (2.1) imply that 

po k 

ffi,.(i) < -2i^I]l](-^^'Hi)^'^i"e(i),-D'^j«.(i)), ie]0,+oo[. (3.14) 
j=i ;=o 

This is a term of negative type and it will help us to control (most of) the remaining terms in 
(3.13). More precisely, the right-hand side of (3.14) contains all the derivatives D"u^ of order less 
than or equal to + 1 such that, if we split a = {ao, . . . a^) (as explained in Subsection 2.3), then 
||ao|| 7^ 0. So, we miss all the derivatives of u of the type D"u with ||a|| < + 1 and ||ao|| = 0. 
We will recover these latter derivatives from (a part of) the term .92, £• 
Using the very definition of the matrices Jf^'-^ {I = 1, . . . ,k) we obtain 
Po k 

^ ^(Jf « {t)D^Dju,{t), D'D^Ue{t)) 
j=i i=i 

Po k ci 

j=l 1=1 m=l 

Po k ci 

j—1 l—l m—ci-i + l 

for any t > 0. Thanks to (3.11)(a), we can fix jm and 7](|„) such that 

7m ^ '/m,m' le{m) ^ 'k(m),i{m)i '^'lm,e{m) ~ ie{m) ^ 'm ■ 

By Young's inequality (we will use the same trick several times in the sequel) and Lemma 3.4(iii) 

we now infer that 

<a-^;'^,t^''^(4?„,)||i/(;)„^,„||.|i?^(„)I),.«,(i)|2 

+ a-^'t^-('^')||H,«,„||-|i?L^,n.(i)l^ 
= o(a''nm),^(m))f29h(4(L))|£,;^^^£)^.y^(t)|2 + o(a''-.-)t29''('- )|£)^£),u,(f)|2, 
for any t > 0. Since j < Po, we obtain 

Po fc C( 

j=l ;=i m=l 

fc+1 C(_i 

< -2Hi?KWP-2^EE{^'''''+°(^'''')}^'''''^'™^"'^'l^-"-Wl'' (3.15) 

1=2 m=l 

for any t > 0, where (see (3.12)(c)) we have 

ry«= min j?^;^), / = 2,...,fc+l. 

m=l,...,Ci_i 
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Estimating the term g2,e- Observe that 



1^1 m^l 

k C[ 



l—l m— Ci_i + 1 
1=1 m=Ci_i + l 

for any t > 0. By virtue of Lemma A. 2 and a straightforward computation, we can write 



-1 m— c/_i + l 



+ 2E E E a''^-«*^''^^-^^"'^^^<->Vi^!.^>.W,<-.W) 

+2EE E a''^'-t^-(^^^)(^i!li?iu.w,^Uw) 

+ 2E E E -'--^-^t'''^^'-^^^^^^ (3-16) 

;=1 m=Ci_i+l gggW 

for any f > 0, where Am is given by (A. 2), and 

= {. : 40 = _ eJ-^+i) + ei--^^) for some j = 0,...,r 

such that ttj > 0, h < min{j + 1, r}|, 

if iin = (ao, • • ■ , OLr\ moreover the entries of the matrices ^m,p (™ = Q-i + 1, • • • , Q, p S Am) 
and c/^^tI's (to = 1, . . . , c;, s G -Bm ) depend (hnearly) only on the entries of the matrix B. 

Since by Lemma A. 2 the matrix has maximum rank (which equals the number of its co- 
lumns) for any m and any I, we can fix the matrix such that the matrix — -ffm «(m)<7^™^ ~ 
i^me(m)J^^^)* is positive definite. We set 



m = C;_i + l,...,0; 



Hence, observing that, by properties (ii) and (v) in Lemma 3.4 we have 9/i(4(!n)) (lh{im) 
{2qh{im) — l)"*", we can estimate 



2E E a<^("^)i-(^^^)+-(^^?".))(i/S.M^i'^^L-e(0,^L-e(t)> 

i=l m=Ci_i + l 

<_,W^ a''™.^('")t(29'«('^')-i)+|D^w,(t)p, (3.17) 



= 1 m=Ci_i + l 



for any t > 0. Now, we estimate the second and the third terms in (3.16). For this purpose, we 



first conclude from Lemma 3.4(iv) the following: if p e Am , then qh{ij>^) — 1 < (Ihijfi \)\ and if 



s e Bm, then qh{ii^^) — 1 < qhiim)- It follows that 

2g^iW) > (2g^(iW) - 1)+ + (2g,.(iW) _ l)+, m<ci,se B^ , 
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or, equivalently, 



m>ci-i, 



(3.18a) 
(3.18b) 



for any t e]0, 1]. Inequalities (3.18a) and (3.18b) will allow us to split the powers of t by using 
Young's inequality in the estimate of the second and third terms in (3.16). Since we are looking for a 
right-neighborhood of t = where is non-positive, without loss of generality we can assume that 
t e]0, 1]. We now consider several cases according to the values of p and s. We handle the different 
cases for p, respectively for s, parallely. First, suppose that p,s < c/_i. Using conditions (3.12)(c) 
and (3.12)(d), we obtain 27?^^' < r;(') + and 2r/,i'?,™ < + /3£\ where M'? = r/C) if 



) 

m < cj_i and /3m = £fml otherwise. From this, (3.18a), (3.18b) and Young's inequality we can 

.(0 „. tAD 



conclude 



'Km) 



,D'^u,{t),DMt)) 



< 



(3.19a) 



< o{sJ'^'')t'-^'''^^''^''^-'^^\DiuM^ + o{af^m (3.19b) 

for any t e]0, 1]. The case when m < ci-i and s > q_i can be addressed similarly, taking now 
(3.12)(c) into account. We thus obtain 

„(0 



< 



o(a''^.^(^) )t(29'. (^i'^ )-!)+ (t) 1 2 + o(a^« )4(29ai^) )-!)+ 1 ^J^^^ (i) 1 2 



for any t e]0, 1]. Finally, we consider the case when m,p,s > q_i. Observe that p < m for G Am , 



(3.20) 

(0 



p^m, and hence from condition (3.12)(b) we obtain '^Vmi^m) ^ '^m,t(m) + ^p't(p)' whereas we also 
have 2?7^^,„ < r?2^(m) + by (3.12)(a). These yield 



JO 



(0 



.'^„,.<™,i«'.(V™,)+<''>(^^')(^(J)^i^;^,(t),Z?J„«,(t)) 

< o(a<'^(p))t(29.(*p')-i)+|D;«,(t)|2 + o(a''-«'"))t(29'.(i$^*)-i)+|£)^u,(i)P, 

<o(a'''A=))t(2«^(*='')-i)+|Z?i^ie(t)|2+o(a''-A™))t(29'>(e')-i)^ 
for any t g]0, 1]. We now estimate the fourth term in (3.16). First, notice that 

2(9.(»^') + Ihi^f^m))) > (29^(4'^) - 1)+ + (2g.(^XL)) - 1)^. 
by Lemma 3.4(iv), or, equivalently 



(3.21a) 



(3.21b) 



te]0,l], m>ci-u sgB^^I 



If £{m) > Q_i, then because of 2r]l^^^f^^^^ < Velyi)^eie(m)) (^^^ (3-12)(e)) we can write 

< o(a''3")t(29'>(4'*)-i)+|£)^u,(i)|' + o(a''^(-).n^(-)))t('«''('^(-))-i)+|£)^(^^u,(i)|', (3.22) 
for all t e]0, 1], where again = 77^^ if g < c;_i and ps^ = rj^'J^^^^ otherwise. On the other hand, 
if £{m) < ci-i, then we have '^'HmtOm) ^ ^^'^ ("^•12)(c) and (3.12)(d)). Thus, we may conclude 
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that 

< o{a^''')t^'^-^''''^-'^^\Diu,{t)\'+o{a^^^^^ (3.23) 
holds for t g]0, 1]. Therefore, by summing up (3. 16), (3. 17), (3.20)-(3.23), we can deduce that 

92At) < - ^^"^ E E (^"^■'""^ + o(a''-n".)))t(29''(iJ^*)-i)+|D^ne(t)|^ 

1=1 m=Ci_i + l 

+ E E o(a''''V^^"'^^"^-^^'PL-e(t)|^ (3.24) 

1=1 m=l 

holds for any t e]0, 1]. 

Estimating the term g^^^ . As it has been already remarked, this term occurs only iih < k. We begin 

by estimating the term f'''''^^^+'''''^(-)^"^a''-.'(")|I)^(^)W£(t) I •|I?5„u^ when i > /landm > c;-i; 

note that, by Lemma 3.4(v), Qhiili^) + qhite^^)) - 1 > 0. By (3.12)(b), (3.12)(c) and (3.12)(d), 

we have that 2r]l^^^^^^ < r?(') + r?^^_^(„), if ^(m) < and 2j?2^(„) < »7S^(™) + ^£(L),€(€(m)) if 
£{171) > ci-i. Hence, we can estimate 

(C)-ia''^!^«|D^(„)ne(t)| • \Dlu,it)\ 

< o(a''nl))f29'.(4(l))-i|z)^,^^^„,^(t)|2 + o(a''-,^(-))i29'.('ii')-i|£>^u,(i)|2, (3.25) 

for any t > 0, where /3^(|„) is as above. From (3.25) and taking condition (3. 12) (a) into account, 
we now get 

ff3,e(t)=2 E Eg.(*^))a"^^'-i^^^(^;i')-i|i?uwr 

l=h+l m=l 

+ 2 E E (</.(*^))+<z.(^t)))-'-^''"'*"'^''^"''''^ 

(=?i+l m=Ci_i+l 

X (ff„,£(™)r>|(„)Ue(t),r>5„Ue(t)) 

< E Eo(a^'">^-(^S^')-i|DUWI^ (3.26) 

l=h+l m=l 

+ E E o(a''-^<-))i^«^(^-)-^|i?L«e(t)P, 

l=h+l m=Ci_i+l 

for any f > 0. 

Estimating the terms 54,5 and gs^e- We begin with g(4,£, the case of g5^e being completely analogous. 
Let us observe that we have 

N po l+l 

[Dl, Tr{Q,D^)]u, = E [DL QtjDijW = E t^-' 9ijD,j]u, = E ^^'^^D^u,, (3.27) 

i.j — 1 ij — 1 -2 — 2 

for any m = 1 , . . . , q and some matrices whose entries linearly depend only on the derivatives 

(of order at least 1 and at most I) of the functions qij = 1, . . . ,po). In particular, these matrices 
are independent of e. Moreover, if we split the matrices ^m'^^ into sub-blocks Pm^s (m = 1, . . . , c;, 
s = 1, . . . , C2) according to the rule in Subsection 2.3, it follows that Pm,s'' = if s > Cz-i- To 
see the above let a S Nq be a multi-index with ||a|| = I, \a\ = {ao,ai, . . . ,ar) G Nq"*"^. From 
the second equality in (3.27) (which is immediate if we recall that g?- is constant if at least one 
of i and j are greater than po) it follows that the terms appearing in (3.27) and obtained from 
Tr((5e£)^)]ue are Df^u^ with coefficients in front depending on the derivatives of qij, i,j < po, 
and with some /? e f^Q such that = {f3o, ■ ■ . , Pr) with 1 < /3o < Qio + 2, Pj < aj for any 
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j = 1, . . . ,r and < ||a|| + 1. In particular, since Pq > 1, then = ii^^ with s < c^-i, where 
z = Denote by Cm the indices ii^-* obtained in this way from multi-indices a with \a\ = im . 
By Lemma 3.4(vii) we have qh{im) > qhiif^) - 1 for ii''^ e c£\ and gh(«f(^„,)) > qhii^s^) - 1 for 

i'f^ e cf^^s^ . These inequahties will allow us to split the powers of t by using Young's inequality. 
Hence we can write 

k c, l + l 



1=1 m=l 2=2 

+ E E Ea''-^(™)t^^(^")+^^(^'(™))KL),^^^'^^^^^ (3-28) 

1 m=C;_i-|-l 2=2 



for any t > 0. In the following, we assume again t e]0, 1] and denote by C positive constants, 
independent of v, t and a, which may vary from line to line. We can estimate the summands in 
the first term in the right-hand side of (3.28) as follows: 

i+i 

iSm-A2<z^(i^')|/£0(',2) n^. 



z=2 



+ CV^3J'in>,mt^o^(^U) J2 \Di+'u,{t)\-\Dlu,{t)\, (3.29) 



for any m < ci. Let us consider the first term in the right hand side of (3.29). Since we have z < 
here, we can use (3.12)(c) and estimate 



I 

„(0 .9^. C,(Ol 



< c('o(a^i^')t(29.(^Ji')-i)+|i)^„^(t)|2+^'g o(a''<^')i(2,ai<^^ 



z=2 s=l 



where /3m = r/*^'^ if m < ci-i and /3m = Vm i(m) otherwise On the other hand, in the case when 

2; = Z + 1 we use conditions (3.12)(a), (3.12)(c) to obtain 2r]^\m < Pm +ry('+^). Thus, we can 
estimate by using Young's inequality 



The summands in the second and the third terms in (3.28) can be estimated likewise. By (3.12)(c), 
(3.12)(d) and (3.12)(e) we have v^im) < 2^S^(rn) < ^^'^ and 2^2£(™) < '^vfUmm)) (^^^ 



18 



BALINT FARKAS AND LUCA LORENZI 



latter for l{m) > Q_i), so by Young's inequality we can deduce 

i+1 



and 



i+i 



z=2 



0=2 s=l 

for t e]0, 1], m > c;_i, where, again, = if l(m) < ci-i, and pf^^^ = vf^rn)Ai{rn)y 

otherwise. 

By putting everything together, we obtain 

k+l Ci_i 
1=1 m=l 

+ E E o(a^-^«)i('''(*-^-')"|i?UWr, ie]0,l]. (3.30) 

;=1 m=Ci_i + l 

Just in the same way, we can estimate the function g^^^ and get 

1=1 m=l 

+ E E o(a''-^<"'))t(^^'-(^^^')-^)1l>UWP, tG]0,l]. (3.31) 

i=l m=Ci_i + l 

Fma/ estimate of the function ■ Now, collecting (3.15), (3.24), (3.26), (3.30) and (3.31) together, 
we get 

g^it) < -2.E EK'' +o(a'''")}t(^«''(^^i')-^)"|i?UWP 



1=1 m=l 

= 1 m=Ci_i + l 



^E E {a''-^M+o(a''-n..))}f(29'.(^Ji^)-i)+|Z)^^ 



- 2t. Ei^""^'' (3.32) 
for any t g]0, 1]. 

If we now fix the parameter a sufficiently large, condition (3.11)(b) is satisfied and, for an even 
larger constant a, the terms in right-hand side of (3.32) will be negative, provided that one can 
choose the parameters rim,m and Vp\(^p) such that conditions (3.11)(a) and (3.12), which we have 
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used in the previous estimates, are satisfied. Hence, the last part of the proof is devoted to address 
this point, and leads us to the conclusion of the proof. 

Choice of the parameters r]m,m and flp\(p-) ■ We now show that we can fix all the constants Jjm.m 

and Vp\(^p) such that the conditions (3.11)(a) and (3.12) are satisfied. For each Z = 1, . . . , A; + 1 we 

will take a positive, strictly decreasing sequence {a^^} with a^l} < 1, and set r]n^m '■= a^am ■ By 
this restriction, condition (3.11)(a) will be satisfied. So from now we concentrate only on (3.12). 
Notice that for c;_i < m < p we have i{m) < £{p), so (3.12)(b) is automatically satisfied by 
monotonicity. Note also that for such m we have £{m) < m. Hence, if we choose a^+i < |ai'^ for 
all n, also (3.12)(a) and (3.12)(e) will be satisfied. Now we turn to the actual construction keeping 
all the above requirements on an^ . First we choose for n = 1. . . . . ci = r + 1 according to the 



above. Then, for I > 2 we proceed inductively, first taking < ^\/ri^'^ and, then, choosing a„ 
(n = 2, . . . , q) satisfying a^l} < ^a^'^^ for any n and with Ocf i+i < ac,'_iai'^_i . The first condition 

implies that (3.12)(c) is satisfied. On the other hand, since < 1, the latter condition implies 
(3.12)(d). Indeed, for m > c;_i and p < c;_i we have, amae(m) < <ici_i+i < (ic,_iac,_^ < cip. ■ 

Remark 3.6. Notice that the above proof works also for other functions q : Nq^^ M+ replacing 
qh, as long as this function q has the properties similar to that of qh as listed in Lemma 3.4. 

4. Construction of the semigroup 
In this section we prove that, for any / e C(,(IR^), the Cauchy problem 
f Dtu{t, x) = s^u{t, x), t>0, xeR^, 

\ u{0,x) = f{x), xeR^, ^'^'^^ 

admits a unique classic;al solution u, and consequently we can associate a semigroup of bounded 
operators in Cb{R^) with the operator s^/. 

Theorem 4.1. Suppose that Hypotheses 2.1 are satisfied. Then the following assertions hold: 

(i) For any f (E Cb(^.^) there exists a unique classical solution u to problem (4.1). 

(ii) The family {T{t)], defined by T{t)f :— u{t, •) for any t > 0, where u is the classical solution 
to problem (4.1) corresponding to the initial value f , is a positivity preserving semigroup of 
linear contractions in Cf,(IR.''^). 

(ni) If f & Cc{^'^), then T{t)f converges to f , as t ^ 0+, uniformly in R^ . 

(iv) For any f E Cb(M^) and any multi-index a G , with \\a\\ < k — 1, the derivative D°^T{ )f 
exists in the classical sense in ]0,+oo[xR^ and it is a continuous function. Moreover, there 
exists a positive constant C, depending only on u, h and \\a\\ such that, for any f € C^(R^) 
and any a as above, we have 

ll^"nt)/llc,(M-) < Ci-«''(l«l)e-*||/||c^.(K.), t e]0, +oo[. (4.2) 

Proof, (i) First of all, notice that uniqueness follows immediately form the maximum principle. 
Proposition 3.1. Throughout the proof, we denote by C positive constants, independent of e e]0, 1[, 
which may vary from line to line. As a first step, we show that, for any a; > 0, there exists a positive 
constant C = C{u), independent of e, such that 

||D«T,(t)/|U < Ci-<"'(l«l)e-*||/||c.(R«), t e]0,+oo[, e e]0,l], (4.3) 

for any / e (K^) and any ||a|| < k. Estimate (4.3) follows from the semigroup law and 
from (3.10). Indeed, fix w > and let Co = min{l, inftg[i,+oo[ t""'^l"l^e'^*}. Splitting Te(t) = 
Tg(l)Tg(t — 1), for any t > 1, and taking (3.10) in Theorem 3.3 into account, we get 

\\D"TS)f\\oo < C\\TS-l)f\\oo < C'Co-^Coll/lloo < C'Co-it-«^(l"l)e-t||/||^. 

Hence, (4.3) follows with C = CC^^. 

We can now prove that problem (4.1) admits a unique classical solution for any / S Cb{R^), 
For this purpose, as in the proof of Theorem 3.2, we set = Te{-)f. Then, from (4.3), we easily 



20 



BALINT FARKAS AND LUCA LORENZI 



deduce that for any < Ti < r2 

sup sup \\u^{t, ■)\\Q^(^g^N^ < +00 holds. 
se]o,i[te[Ti,T2] " 

Since the function solves the Cauchy problem (3.1) and the coefficients of the operator jz/^ are 
locally bounded, uniformly with respect to e g]0, 1[, the function DiU^ is bounded in ]Ti,T2[xB{R), 
for any i? > 0, by a constant, independent of e. Therefore we have G Lip([Ti, T2]; C{B{R))) with 
norm independent of £ g]0, 1[. By applying [15, Propositions 1.1.2(iii) and 1.1. 4(i)], wc now deduce 
that Ue e C''/^''^-'^+%]Ti,T2[xB{R)) for any e as above and some 6 e]0, 1[, and with C"'/2,'^-i+«. 
norm being bounded by a constant independent of e. As a byproduct, using that Ug solves (3.1), 
we deduce that A^e G C^/^.K-s+e^j.^ y^j^^^^^-j j^g^^i^^ (je/2^K-3+e_^Q^^ bounded by 

a constant independent of e. Since Ti, T2, R are arbitrarily fixed, using both a compactness and a 
diagonal argument, we can determine an infinitesimal sequence {e„} such that converges in 

Ci,K-i(/^)^ for any compact set K c]0, +oo[xR^, to a function uj € C/+^/^'''"^+^(]0, +oo[xR^). 
Of course, the function Uf solves the differential equation in (4.1) for t > 0. The continuity of Uf 
up to t = and the condition u/(0, •) = /, are obtained in three steps. 
Step 1. Suppose that / e Cl{U.^). Then, by the proof of [20, Proposition 4.3], we know that 

\\u,St)- f\\^<t sup ||T,„(s)^e„/||oo<i|Ke„/||oo<Ct, ie[0,+Oo[. 

se[o,+oo[ 

Hence, taking the limit, first as n ^ +00 and then as t ^ 0+, we obtain that w/ is continuous at 
t = Q where it equals /. So we have shown that Uf is the unique classical solution to problem (4.1). 
Moreover, we infer that converges to tt/, as e — > 0+, in C^'''~^([Ti, T2] x B{R)) for any Ti, T2, R 
as above. Indeed, by uniqueness (or by the maximum principle in Proposition 3.1), any sequence 
(with En being positive and infinitesimal) which converges in C/j^([0,+oo[xR), must converge 
to Uf. Again the maximum principle implies that for a non-negative / € Cc(M^) the solution Uf 
is also non-negative. 

Step 2. Suppose now that / vanishes at 00. Then, we can approximate / by a sequence of 
smooth and compactly supported functions /„ . By estimate (3.2) we know that 

\\T,^{t)fn-T,^{t)f\\^<\\U- fU, ie[0,+oo[, n,meN. 
Letting m — > +00 yields 

sup||u/„(i,-)-w/(f,-)||oo < ||/n-/||oo, neN. 
t>o 

Hence u/„ converges to Uf uniformly in [0, -|-oo[xR^. Since u/^ is continuous in [0, -|-oo[xIR-'^ and 

tt/^(0, •) = /„, it follows that Uf is continuous in [0, -|-oo[xR^ as well, and that m(0, ■) = f holds. 
The same argument in the last part of Step 1, shows that, also in this situation, the function 

Te(-)/ converges to u/ in C[q^~^(]0, -|-oo[xR^) as £ — > 0+. Moreover for non-negative / we see 

the solution uf to be non-negative as well. 

Step 3. We now consider the general case when / S Cf,(IR). We fix i? > and a function 
G C^(IR^) satisfying Xb{r) < V' < Xb(r+i)- Further, we split first / = V/ + (1 ~ "0)/) and then 

we can write Te„(t)/ = Te„(t)(V'/) + Te^{t){{l - tp)/). We remark that the semigroups {Ts{t)} 

preserve positivity, which is well-known but also follows immediately from the maximum principle. 

Proposition 3.1. This implies 

\{TeAtm-m}{^)\<\\f\UTeAm-mx), t>Oa;eM^. (4.4) 
Recall that Te„(-)(1 - -0) = 1 - Ts^{-)tp and let n +00 in (4.4) to conclude 

\uf(t,x)-u.^f{t,x)\<\\f\\^{l-u^it,x)), te]0,+^[, xeR^. 

Since, for any x G B{R), {'ipf){x) = f(x) and u^{t,x) tends to 1 as i ^ 0+, we obtain that Uf is 
continuous in [0, 1] x B{R) and u/(0, •) = / in B{R). The arbitrariness of R> allows us to com- 
plete the proof. Moreover, as in the previous cases, T^{-)f converges to Uf in C^^'^~ (]0, -|-oo[xIR-'^), 
as e ^ 0+ . 

(ii) and (iii). They follow from the maximum principle in Proposition 3.1 and Steps 1 and 2 in the 
proof of (i). 
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(iv). By (i), we know that the function T{t)f belongs to ^(R-'^) for any t > and any 

/ e Cfc(M^), and T^it)/ converges to T{t)f in Ci'^;^(M^) as e ^ 0+. Since the constant in (4.3) 
is independent of e g]0, 1], it is immediate to conclude that (4.2) holds for any ||Q:j| < k — 1. ■ 

With respect to derivatives in the first and second block of variables we can prove more regularity. 

Theorem 4.2. Suppose that Hypotheses 2.1 are satisfied and let {T{ty} be the semigroup con- 
structed in Theorem 4-1- Then for any f G Cb{R^) and any multi-index a G f^Q , with \\a\\ = k 

and aj ^ /or some j < po+pi, the derivative D°'T{-) f exists in the classical sense in ]0, +oo[xK"'^ 
and it is a continuous function. Moreover, there exists a positive constant C , depending only on 
oj, h such that, for any f G Cl^{R^) and any a as above, we have 

l|£'"T(t)/||c,(M-) < t?t-«''^l"l^e-*||/||c.(K.), t e]0, +oo[. (4.5) 

Proof. We set u = T{-)f and split the proof into several steps. In the first one we show a formula 
that will be used in Steps 2 to 5, in the actual proof of (4.5). Until Step 5, we will assume at least 
/ € (M^), and then in Step 5 we proceed with an approximation argument. Finally, in Step 
6, we show that the function D"u is continuous in ]0, +oo[x]R^. 

Step 1. We fix i? > 0, j G {l,...,iV} and / G C'^~'^{W.^), and prove that, for any ry = 
i^R G C^{R^) such that xb(r) < Vr < Xb{2R), and any ^ = G C~(]0,+oo[) such that 
X]R-\R[ <^R< X]{2R)-^ ,2R[, it holds that 

Dju{t,x) = [ {T{t- s)gj{s,-)){x)ds, t g]R~^ , R[, x G B{R), (4.6) 
Jo 

where 

gj=^TT{{DjQo)Dl{r^u)) + d{B*D,{f^u))j+i3{DjF,D4nu)) 

- -dDjiu^/r]) ~ 2§{QoD^u,D^Dj7f) 

- 2§{QoD,D^u,D,r]) - 2§{{D^Qo)D,u, D.rj) + ^'D^irju), (4.7) 

D^^u and D^u denoting, respectively, the vector of first-order derivatives of u with respect to indices 
not greater thanpo and the quadratic submatrix obtained erasing the last N—po rows and columns 
from D^u. 

To prove (4.6), for any 5 G ] — 1, 1[, we introduce the operator Tg defined on C(,(M^) by 

iri^)ix) = ^(^ + ^^^)-^(^) , :cGR\^G C.(R-). 

Moreover, we set g = "dTgV^ where = rju^. In the sequel, in order to shorten the notation, 
if there is no danger of confusion we only stress explicitly the dependence on e of the functions 
considered. As it is easily seen, 

DtWe{t,x) = S^eWe{t,x) + g^{t,x), tG]0,+Oo[, X G M^, 

We{0,x)=0, a;GM^, 
holds with 

90,5,e = 9e = im{T{Q<:;)Dlve) + ^{B*Dv,)j + ^{T{F),D,Ve) 

- MUeSl^eV) - 2^{QoD^Uei-, ■ + Se,), D,T{f])) 

- 2e^D^^T{ue), D^^rj) - 2'd{T{Qo)D^Ue{t, ■ + Sej), D^r]{- + 5ej)) 

- 2ed{D^^u,{-, ■ + Sej), D^^T{rj)) - 2^QoD^t{u,), D^r,) + ^'t{v,), (4.8) 

and -D**V' denotes the vector of the first-order derivatives of the function tjj : R with respect 

to the last N — po variables. In view of the variation of constants formula (see [21, Theorem 3.5]), 
we obtain that We satisfies 

We{t,x)= I (T^it- s)ge{s,-)){x)ds, tG[0,+oo[, xGR^. (4.9) 

We are going to show that we can take the limit as £ — » 0+ in (4.9) and write 

vs{t, x) := r){x){Tsu{t, ■)){x) = [ {T{t - s)gj,5{s, ■)){x)ds, t G [0, +oo[, x G R^, (4.10) 

Jo 
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where gj^s is obtained from gj,s,s by replacing Ue by u and letting e = in (4.8). By the results in 

the proof of Theorem 4.1(i), it follows immediately that the continuous function gj,s,E converges 
to the function gj^s uniformly in [0, +(X)[xR''^, as e ^ 0+. This implies that, for any r, s > 0, 
Ts{r)gj^S,E{s,-) converges to T{r)gj^s{s,-) locally uniformly in R'^ , as e — > 0+. Indeed, for any 
compact set K c M^, we have 

m{r)gj,sAs,-)-T{r)gj,s{s,-)\\ciK) 

< m{r){gj,sAs, •) - 9jAs, •))llc(K) + \mr)gj,s{s, •) - T{r)gjAs, ■)\\ciK) 

< \\gj,sAs, •) - gjAs, OIloo + \\T,{r)gj,s{s, •) - T{r)gjAs, ■)\\c{k)- 

From the proof of Theorem 4.1(i) we see that the last term in the previous chain of inequalities 
vanishes as £ ^ 0+. Moreover, since the semigroups {Te(t)} are contractive, the function (r, s) i-^ 
Te{r)gj^s,s{s, ■) is bounded in [0, +oo[x [0, +oo[xM-'^, uniformly with respect to e e]0, 1[. Therefore, 
the dominated convergence theorem yields (4.10). 

We can now prove formula (4.6). Since, by Theorem 4.1(iv), the function u is bounded in [0, Tq] 
with values in C^"^(M^) for any Tq > (use / e CI^~'^{R^)), it is immediate to see that gs{s, •) 
converges to g{s, •) uniformly in M.^ for any s > 0. Formula (4.6) now follows from (4.10) via the 
dominated convergence theorem. 

Step 2. Here, and in the forthcoming Steps 3 and 4, we assume that / e C^(R^). Let us fix a 
multi-index a = (ai, . . . , un) & with ||a|| = k and |1(q!i, . . . , cep„)\\ > 1- We denote by j the 
largest integer such that Uj ^ and set (3 := a — ef'^- Set := — e'{~^^^ = (/3o — 1, /3i, . . . , f3r), 
and denote by i the smallest integer with > 0. To prove that the derivative D"u exists in the 
classical sense it suffices to show that we can differentiate, with respect to the multi-index /3, the 
function in (4.6). For this purpose, we observe that, from (4.2) with h = k — 3 and h = k — 2, we 
deduce that 

holds for any t g]0, -|-oo[, -tp G C^~^"'"^(R^) and 6* = 0, 1. By interpolation, we can extend the 
previous estimate to any 6 e [0, 1]. Estimate (4.3) implies that, for any multi-index 7 with length 
K—1 and any t > 0, the function D'^Ue{t, •) is Lipschitz continuous in with Lipschitz semi-norm 
that can be bounded by Ce'^* for any > and some C — C{uj), where the constants are uniform 
in £. Since converges to u in Cj^'^^ (]0, +oo[x]R^), the function D''u{t, •) is Lipschitz continuous 
in and its norm can be bounded by Ce'^*. As a byproduct, we infer that, for any 9 g]0, 1[ and 
any Tq > 0, the function \\gj{s, •)||^^-3+e^gjv) is bounded in ]0,ro[. Moreover, for < s < f < Tq 
we have 

\\D^Tit-s)gj{s,-)\\oo<C{t-s)-i-^'-'^'^e^^° sup |te(s, OUc^^+^fM-)- (4-11) 

se]0,To[ " ^ ' 

Consequently, if we take > 2i./(2(, -|- 1), we get an integrable function on the right hand side 

of (4.11), and hence we can differentiate under the integral sign in (4.6). This proves that the 
derivative D^u exists in the classical sense. Moreover, it satisfies (4.2). Indeed, the sup-norm of 
D°^u can be controlled from above by the Lipschitz seminorm of D^u which, as we have shown, 
can be estimated from above by Ce'^* for any t > 0, any w > and some C = C{lu). 

Step 3. We now assume that ||a|l = n and = for alH = 1, . . . ,po, whereas Uj ^ for some 
j e {po + 1 ) • • • ) Po +Pi } ; we again set /3 := a — e^-^' . We are going to show that we can differentiate 
the formula (4.6) with respect to the multi-index (3. For this purpose, let again t be the largest 
integer with /3t ^ 0, and note that it suffices to prove that, for any Tq > 0, the function gj is 
bounded in ]0, Tq[ with values in C^^^+''(M^), for some 1[. Indeed, once this property is 

proved, estimate (4.2) gives 

\\DPT{t-s)gi{s,-)\U < C(t- s)-(i-^)^e-^'' sup ||ffi(s, Ollcr^+^M^), 

.se]0,To[ 

for all < s < t < To, for arbitrary To > and some C — C(ijj), and we can complete the proof 
applying the same arguments as in the previous step. 

Due to the structure of gj, in order to prove that gj is bounded in ]0,ro[ with values in 
Cj«-2+«(R^), it suffices to show that for any pair of indexes I < po and I' < po + pi, with I < I' , 
the function Dii'u{t,-) belongs to C'^-'^+^{R^) and supjgji/^-.Mf ll-Dww(t, OIIc-^+^cbcm)) < +00 
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for any M > 0. Actually, only the first and the fifth, second-order terms have to be taken care of 
in (4.7). Indeed, applying D'^ with ||7|| = k — 2 to any of the other terms Tj from (4.7) (in which 
there are only first order derivatives of u), we get that D^g{t, •) is Lipschitz continuous, uniformly 
in ]0,to[ and supjgjQ OIIc-^+^cr") < +0° (these follow by approximating u by as we 

have done several times above). 
We now prove the assertion about Dniu. So let now /?' G with \\(3'\\ = k — 2. Denote 

furthermore by i the largest integer such that /3l > 0, and define P = /3' + e[^^ + e^,^^ — e . From 
(4.2) and from the already proved assertion in Step 2 we obtain, by using interpolation as well, 
that 

||i?''T(t)V;l|c,^(R-v) <Ct-'^-(i-^)^e"*||V'llcr=+«(R«), ie]0,+(X)[, (4.12) 
for any 0, p E [0, 1]. From (4.12) it now follows that 

\\DfT{t - s)g,{s, Ollc^K") < C(t - s)-^||.g,(s, OIlcr^CK") ^ " '^""^ (^.13) 

holds for any < s < t < Tq. Hence, if we fix 7 G]0, 1[ and take p = = ^, we see that 
the function in the right-hand side of (4.13) is integrable in ]0,To[ for any Tq > 0. Thus we can 
differentiate under the integral in (4.6), and conclude that the function Dwu is bounded in ]R~^, R[ 
with values in C'^~^^^^{B{R)). Due to the arbitrariness of R, it follows that Dii>u is bounded in 
H with values in C'^-'^+^'{K) for any compact set H x K c]0, +oo[xM^. 

As a second step, using (4.12), we deduce that Duiu is boimded in H with values in C'^^'^^^ {K) 
for any H and K as above, where 62 = 7 ^^201 • Iterating, this argument, we see that Du/u is 
bounded in H with values in C'^~'^~^^'°{K), where the sequence {0k} is defined by recurrence as 
follows: 

^0 = 0, 

where cither fco = +00 or fco is the largest integer such that 9k < 3/2. 

It easy to see that 6k < 0k+i holds for any k < ko and choice 7 g]0, 1[. For the choice 7 = f , 
the equation £ = "Jj^ has no real solutions. This fact combined with the monotonicity property 
implies that there exists fci such that 6k:^ > 1. It follows that Duiu is bounded in H with values 
in C'^~'^^^''{K) for any 9 e]0, 1[ and, consequently, Qi is locally bounded in ]0, -|-oo[ with values in 
Cj^-2+^(R^) for any e]0, 1[. The proof of Step 3 is complete. 

Step 4. We now show that \\D"T{t)f\\c^(^N) < Ct-9h(l"l)e'^*||/||p^(jjjv^ for any t e]0,-hoo[, any 
/ e C^(M^), any h E N with h < k, and any a G with length n and such that aj ^ for 
some j < po + pi- For this purpose, fix j < po + pi such that aj ^ 0. Further, we let /? = 
a — Gj^K From (4.2) it follows that for any x € M^~^ the Lipschitz seminorm of the function ^ := 

{D^T{t)f){xi, . . . ,Xj-\,-,Xj+i, . ..Xn) does not exceed Ce'^*t~'''^"^/^||/||cf (h")) with C depending 
only on lij. Since the Lipschitz seminorm of the function ip equals the sup- norm of the function 
[D°'T{t)f){xi, . . . ^Xj-i,-,Xj+i, . . .Xn) (which is already known to be existing by Steps 2 and 3), 
the desired estimate follows. 

Step 5. We now prove (4.5) for a general / G C^i^^) {h < k) and any multi-index a G 
such that ||a|| = k and aj ^ for some j < po + Pi- Let us notice that we can limit ourselves to 
proving that the derivative D"T{t)f exists in the classical sense for any t > and any / e (7(,(R^). 
Indeed, once this property is checked, estimate (4.5) can be proved arguing as in Step 4. 

We begin by considering the case when / e BUC{M.^), and we fix a sequence {/«} G C^(M^) 
converging to / uniformly in M^. We can write 

\\D"T{t)fn - D"T{t)fm\\oc < Ce-*t-3«(l«l) < Ce-^t-'^d^Dll^ - UU 

for any t > and any n, m e N. If follows that {D"T{t)fn} is a Cauchy sequence in Cb(IR^) and, 
consequently, D°'T{t)f G Cb(K^). 

We now assume that / G C6(IR^). By splitting T{t)f = T{t/2)T{t/2)f and noting that T{t/2)f G 
Cl{R^) C BUC{R^), from the preceding we deduce that D'^T{t)f = D°'T{t/2){T{t/2)f) exists 
in the classical sense. 

Step 6. To complete the proof, we have to show that for any multi-index a with length k such 
that aj ^ for some j < po +Pi, the function D°'T{t)f is continuous in ]0, -|-oo[xIR^. For this 
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purpose, let i be the largest integer such that ai > 0. Let us fix y e M , and introduce the 
function ip = D^u{-, j/i, . . . , y^-i, -,2/1+1, ■ • • , Hn) where, again, (3 = a — ef\ and still (3ji > for 
some j' < po+Pi- From the results in Steps 2 to 5 we know that tp is bounded in ]a, b[ with values 
in C^^^{B{R)) for some 6 €]0, 1[ and any a,b,R > 0, with a < b. Applying [15, Propositions 
1.1.2(iii) and 1.1.4(iii)] to the function tjj{t, •) — il){s, •) (s, t, G [a, b]), we immediately see that 

<C||^(t,-)-V(s,-)llSfe(fl)). 

for some constant C, independent of y. Since u G C^'''~^(]0, +(X)[xR^), we immediately deduce 
that the right-hand side of the previous chain of inequalities vanishes as \t — s\ 0+, implying that 
the function D°'u{-, x) is continuous in [a, b] uniformly with respect to a: e M^. This is enough to 
conclude that D"u is continuous in ]0, +oo[xM-'^. ■ 

Remark 4.3. (i) We remark that the results proved in Theorem 4.1 are stronger than those in 
[24]. 

(ii) Some calculation yields that the bootstrap argument used in Step 3 of the proof of Theorem 
4.2 cannot be applied to prove the existence of the derivative D°'T{t)f in the classical sense when 
||a|| = K and aj = for all j = 1, . . . ,po + Pi- 

4.1. Properties of the semigroup. In this section we first state some continuity property of 
the semigroup {T{t)} that will play a fundamental role in order to prove the Schaudor estimates 
of Section 5. Then, we characterize the domain of the weak generator of the semigroup. Since the 
proofs of the following proposition can be obtained arguing as in [14], we omit it. 

Proposition 4.4. The following assertions hold. 

(i) Let {/„} C Cb(M^) be a bounded sequence of continuous functions converging to f G Cb{M.^), 
pointwise in M.^ . Then, T{-)fn converges to T{-)f pointwise in \fi^-\-oo{xM.^ . 

(ii) ///„ converges to f , locally uniformly in and ||/n||oo is bounded, then T{-)fn converges to 
T{-)f locally uniformly in [0, +oo[xIR-'^ and in C^''^{F) for any compact set F c]0, -|-cx3[xIR''^. 

(iii) There exists a family of probability Borel measures {p{t,x,dy) : t > 0,x G R^} such that, for 
any f e ^(M^), 



iT{t)f){x) = / f{y)p{t, x,dy), t > 0, x G 



Consequently, {T{t)} can be extended to the space -B(,(IR.^) of all bounded and Borel measurable 
functions f : M.^ — > M with a semigroup of positive contractions. 
(iv) {T{t)} is strong Feller, i.e., T{t)f e Cb{R'^) {actually T{t) e C^-\R^)) for any f e 
Bb{R^). 

Differently from what happens in the classical case when the coefficients are bounded, in general 
the semigroup associated with elliptic operators with unbounded coefficients is neither analytic in 
Cf,(M^), nor strongly continuous in BUC{R'^). Assertion (ii) above in Proposition 4.4, however, 
expresses the fact that the semigroup {T{t)} is bi-continuous for the topology of locally uniform 
convergence Tc (see [9, 10] or [6]), or which is essentially the same it is a locally-equicontinuous 
semigroup with respect to the mixed topology. The mixed topology is finest locally convex topology 
agreeing with Tc on || • ||oo-bounded sets. (See [27] or [26] for the definition of the mixed topology; 
[6] for the equivalence of these two families of semigroups; and [28, Section IX. 2.] for locally- 
equicontinuous semigroups). This allows us to associate an infinitesimal generator {A,D{A)) to 
the semigroup (sec [9, 10]): 

D{A) := (/ G Cb{R^) : 3tc - lim and sup MllIzZlU | 

Af — Tc - lim IM^. 

With this definition the infinitesimal generator {A,D{A)) is a Hille-Yosida operator, and the re- 
solvent of A can be calculated 

r+00 



/•+00 

R{X,A)f= e-^'T{t)fdt 
Jo 
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where the integral exists in the topology Tc and for all positive A. In general one could replace 

here the Tc-convcrgence by pointwise convergence resulting in the so-called "weak-generator", in 
our case, however, this would not result in any difference. 

Remark 4.5. We note that assertion (iii) in Proposition 4.4 follows also directly from the first 
part of (ii). Actually, we even have the equivalence of these two statements, for details see, e.g., 
[6]. 

The next proposition characterizes the domain D{A). 
Proposition 4.6. The following characterization holds true: 

D{A) = {/ e a(R^) :3{/4 C Ci{R%3g € Cb(]R^) : 

fn ^ f, ■s/ fn ^ g loc. uniformly in 
and sup (||/„||oo + IK/n||oo) < +oo|. (4.14) 

Moreover, Af = .s^ f for any f e D{A). Here and above, £/ f is meant in the sense of distributions. 

This tells us essentially that C^O^^) is a core for the generator A with respect to the mixed 
topology, or which is the same is a bi-core with respect to Tc (see [10]). For the proof we use an 
invariance argument and need the following preparatory lemma. 

Lemma 4.7. For the semigroup {T{t)} we can state the following. 

(i) For any t > 0, T{t) commutes with on Dq{£/) := {/ € (R^) : £// € C;,(R^)}; 

(ii) if {fn} C C(,(R^) is a bounded sequence converging locally uniformly to some function f G 
Ci,{^'^), then, for any A > 0, R{X,A)fn converges to R{X,A)f, locally uniformly in ; 

(iii) for any A > 0, R{X,A) is a bounded operator mapping Cl^{R^) into itself for any h gN such 
that h < K. 

Proof, (i). We begin the proof by recalling that, for any t > 0, T^it) and ^ commute on D[Aq) 
since they commute on 

i?max(^e) := [g & ^^(R^) H f| l^f„,^(R^) : ^eg G C6(R^) } 

l<p<+oo 

(see e.g., [3, Propositions 2.3.1, 2.3.6, 4.1.1 and Lemma 2.3.3]). Hence, we have only to show that, 
for any / € D{Ao), .s/^Ts{t)f and T^{t).s!/^f converge to s^T{t)f and T{t).s/f, respectively, as 
s 0+. The proof of Theorem 4.1 shows that T^{t)f converges to T{t)f in C^iK), as e ^ 0+, 
for any compact set K C R^. Therefore, £^eTe{t)f converges to s^T{t)f locally uniformly in R-'^. 
On the other hand, recalling that {T^{t)} is a contraction semigroup, we can write 

\\TS)s^.f - T{t)j^f\\c(K) < \\Te{t){j^ef - S^f)\\c(K) + \\{Te{t) - T{t))s^ f\\c(K) 

< \Wef - ^/lloo + m{t) - T(t))^/||c(x), (4.15) 

for any t > 0. Since ,0^/ converges uniformly in R^ to ^/ as e ^ 0+, estimate (4.15) implies 
that T^{t).s/sf tends to T(t)£/f, locally uniformly in . 

(ii) This is a property shared by resolvents of generators of bi-continuous semigroups, see [9, 10]. 
For the sake of completeness we give the straightforward proof. Let {/«} and / be as in the 
statement of the lemma. Observe that for any compact set K c R^, 

r + oo 

mX,A){fn-f)\\ciK)< e-^'\\T{t){fn-f)\\ciK)dt, A>0. 

Jo 

Theorem 4.1(ii) and Proposition 4.4(ii) show that {||r(-)(/„ — /)||c(if)} is a bounded sequence 
converging pointwise in [0, +oo[ to as n ^ -|-oo. The assertion now follows from the dominated 
convergence theorem. 

(iii) It follows immediately from the estimate (4.2) with h = k. m 
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Proof of Proposition 4.6. Taking Lemma 4.7 into account, it is easy to check that, for any / e 
Do{^), it holds that 

{R{l,A)^f)ix)^ / e-\^T{t)f){x)dt 
Jo 

= £^ e-* {x)dt = -fix) + {R{1, A)f){x), (4.16) 

for any x G . Therefore, / e D{A) and Af = ^f, so that -Do(^) C D(A) and A\Do(^) = ■ 
We could now conclude the proof by using density and the invariancc under {T(t)} of D(Ao) and 
by referring, e.g., to [10, Proposition 1.21], or to [19, Proposition 2.12] (the analogous statement 
for strongly-continuous semigroups is in [5, Proposition II. 1.7]). We nevertheless give a complete 
proof. 

Let us fix / e -D (the function space defined by the right-hand side of (4.14)) and let {/„} C 
C^(M^) be a bounded sequence with respect to the sup-norm which converges to / locally uniformly 
in R and it is such that the sequence {^/«} C C&(R^) is bounded and converges locally uniformly 
in to some function g G Cb(R^). By the above results we know that 

/„ = i?(l,A)(/„ -</„), n€N. (4.17) 

Lemma 4.7(ii) allows us to take the limit as n ^ +oo in (4.17), getting / = R{X,A){Xf — g), so 
that / e D{A) and Af = g. We claim that Af ~ £/ f (where f is meant in the distributional 
sense). For this purpose, it suffices to observe that, for any e C^(R^), we have 

/ ip.s/fndx^ I fn^*^dx, neN, (4.18) 

where ^* is the formal adjoint of the operator £/. Letting n +oo in (4.18), the claim follows. 
We have so proved that D is contained in D{A) and A — s^ on D. 

We now prove that D{A) C D. For this purpose, we fix / S D{A), and h E Cb(R^) be such that 
/ = R{l,A)h. By convolution, we can determine a sequence of smooth functions {/i„} C C^(R^), 
bounded in Ct,(R^) and converging locally uniformly to /i as n — > +oo. By Lemma 4.7(ii) and (iii), 
the sequence {R{1, A)hn} is contained in C^{M.^) and it converges to / locally uniformly in R^. 
Further, arguing as in the proof of (4.16), one can easily show that £/R{l, A)hn = —hn + R{l, A)hn 
for any n E N. Hence, the sequence {=e/i?(l, A)/i„} is bounded in Cb(R^) and it converges to 
-h + fe Ct{R^), locally uniformly in R^. It follows that / e D{A). m 



5. SCHAUDER ESTIMATES 

In this section we prove Schauder estimates for the (distributional) solutions to the elliptic 
equation 

Xu-s^u = f, A > 0, (5.1) 

and to the non-homogeneous Cauchy problem 

f Dtu{t, x) = s^u{t, x) + g{t, x), t€ [0, To], xe R^, 

I u{0,x) = f{x), xeR^. ^^"^^ 

Throughout the section, we assume that Hypotheses 2.1 are satisfied with k equal to the least 
common multiple of the odd numbers between 1 and 2r + 1. 
The main results of this section are collected in the following two theorems. 

Theorem 5.1. Let 6 €]0,1[ and A > 0. Then, for any f E C^(R^) there exists a function 
u E '^^+^(R^) solving equation (5.1) in the sense of distributions. Moreover, there exists a positive 
constant C , independent of u and f , such that 

\\U\\^2 + 0(^N) < C\\f\\c^(RN). (5.3) 

Such a function u is the unique distributional solution to the equation (5.1) which is bounded a,nd 
continuous in R^ and it is twice continuously differentiable in R'^ with respect to the first po 
variables, with bounded derivatives. 
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Theorem 5.2. Let 9 e]0,l[, To > and f e C^+^iR^) and g e Cb{[0,To\ x M^) be such that 
g{t, •) e C^(M^) /or any i e [0, Tq], and 

sup \\g{t,-)\\c^(K^) < +00. 

Then, there exists a function u € C(,([0,To] x R^), solution to problem (5.2) m the sense of 
distributions, such that u{t, •) G '^^+^(R-'^) for any t G [0, To] and 

sup ||u(t,-)||'ir2+«(R") < C'(||/||(^2+e.jj„) + sup \\g{t,-)\\ct(s.N)), (5.4) 
te[o,To] ^ i, V ^ te[o,To] ^ 

/or some positive constant C, independent ofu,f,g. Moreover, u is the unique distributional 
solution to problem (5.2) which is bounded and continuous in [0,To] x M.^ , and there, it is twice 
continuously dijferentiable with respect to the first po spatial variables, with bounded derivatives. 

To begin with, we prove an interpolation result. We need to introduce the auxiliary spaces 
"^^^(K^) {9 e]0, +oo[) that are defined analogously to the spaces ^^(R-'^), with the Holder spaces 

Ce/(2j+i)(-]^p,-, ^^gj^g replaced by the Zygmund spaces C'^/('^^+^\Rp^) (j = 0, . . . ,r); see Definition 
2.7. It is clear that '#^(M^) = '^''(M^) if 9/{2j + 1) N for any j = 0, . . . , r. 

Proposition 5.3. Fix 9 e]0, 1[ and (3 e [0, n[ such that /3/(2j + 1) ^ N for any j = 0, . . . ,r. Then, 

(■^'^(R^),<^'=(R^))e,oo = 'r(i-^)'^+'^^(R^), (5.5) 

with equivalence of the corresponding norms. Here, ^^{R.^) = Cb{M.^). 

Proof. We first prove (5.5) in the case when (3 = 0. For this purpose, wc recall that, in [17, 
Theorem 2.2], the author has proved that, for any 7 > and any 9 e]0, 1[, the topological equal- 
ity (BC/C(R^),<^T(M^))e,oo = '^"•"{R-''') holds. Since BC/C(R^) belongs to both the classes 
Jo(Cb(M^^),<r"'(R^)) and ii'o(C6(K^),'^T(R^)), the Reiteration Theorem (see, e.g., [15, Theorem 
1.2.15]) implies that 

(a(R^),'^/T(R^))e,oo = '^'''(R^), (5.6) 

with equivalence of the corresponding norms. 

Let us now fix 7 e R \ Q such that 7 > k. This choice of 7 implies that '^"'{R-'^') = '^'^(R^). 
Therefore, the formula (5.6) with 9 = k/j yields the equality (C6(R^), '^^(R^))«/^,oo = '^'"(R^) 
with equivalence of the corresponding norms. Since '^^'*(R^) C "^^"^(M^) with a continuous em- 
bedding, we easily see that '^''(R^) is continuously embedded in (Cb(R^), ^'''(R^))^/^^oo) 01, 
equivalently, "^"^(R^) belongs to the class ir«/^(C6(R^), '^t(R^)). 

Let us prove that '«f'^(R^) belongs also to the class J^/^(C6(R^), ^t(R^)). For this purpose, 
we recall that, there exists a positive constant C such that 

||V'llc"'/W+i)(M''i) < C'llV'IlL "||V'll^7/(2. + i)(Mfi)> (5-7) 

for any V' G C^/(2j+i)(IRPi ) and any j = 0, . . . ,r (see e.g., [15, Proposition 1.1.3(ii)]). 
Fix / e "^^(R^) and 1 < j < r. By applying (5.7) to the function 

i> = fixo, . . . ,Xj-i,-,Xj+i, ...,Xr) 

(where wc have split x E R^ as a; = (a;o, . . . , Xr), with xt € R^' (? = 0, . . . , r)) and then, by taking 
the supremum when we let the variable {xo, • . • ,Xj-i,Xj+i, . . . ,Xr) run over R^~p^, we conclude 
that ||/||j,K < C||/||oo '*^^||/||j,^^ (see (2.5) for the definition of these seminorms), so that, summing 
over j = 0, . . . , r, we get 

ll/lk^(««)<qi/l|L"^ll/lli(K.), 

that is '^'"(R^) belongs to the class J«/^(C6(R^),'^t(R^)). Since Cb{R^) belongs to both classes 

Jo(C6(R^),'^'^(R^)) and ii'o(C&(R^), '^'^(R^)), the Reiteration Theorem yields now the equality 
{Cb{R^),'^''{R^))e,oo = {Cb{R^)X'^{^^))eK/j,oo (with equivalence of the corresponding norms) 
that, combined with (5.6), yields (5.5) with /3 = 0. 
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The general case when /3 e]0, k[ is such that (3/ {2j + 1) ^ N for any j = 0, . . . , r now follows 
from the interpolation theorem. Indeed, 

= (C6(]R-'^),^'*(R^))(i_0)^/K+e,oo- 

■ 

The following is a straightforward consequence of the estimates in Theorem 4.1 
Lemma 5.4. For any to > 0, there exists a positive constant C = C{lo) such that 

l|T(t)/||.^™(K«) < Ci-^e-'^*||/||c,(R«), holds fort (5.8) 

Combining Theorem 4.1 and Lemma 5.4, we can now prove the following. 

Proposition 5.5. For any To > 0, < /3 < < 3 luith d, 9 ^ N, there exists a positive constant 
C = C{Tq) such that, for any f G Cj,'(]R^) the following inequality holds: 

||T(i)/||^«(M«) <Ci~'^||/||^^(j,„), tG]0,+oo[. (5.9) 

Proof. The proof follows from an interpolation argument. To simplify the notation, in the sequel 
we denote by w any positive number and by C a positive constant, possibly depending on u but 
being independent of t and /, which may vary from line to line. By applying [15, Proposition 
1.2.6] with Xi=X2 = Yi= Cb{R^), Yi = '^'^(M^), and by taking estimate (5.8), Theorem 4.1(ii) 
(which implies that {T{t)} is a contractive semigroup) and Proposition 5.3 into account, we obtain 

linOII^(a(K«)X^i(R")) <C^*"^e'^*, te]0,+^l (5.10) 

for any 6i e]0, k[ such that 6i is not rational. Of course, (5.10) holds also with 9i = 0. Using again 
[15, Proposition 1.1.13] now with Xi = ^(IR"), X2 = Cl;(R^), Yi=Y2= ^"(M^), we get 

II^WII.^(C,^^(M-),^^(M«)) ^ Ct-^e^\ t e]0, +oo[, (5.11) 

for any 62 E]0,k[ such that 62 is not integer and even for 62 = 0,k. Finally, interpolating the 
estimates (5.10) and (5.11), we get 

_ (l-^3)^l + («-^2)^3 

\\T{t)\\ _5j,(^«3«2(RAr)_,^(i-s3)9i+»«3(iRiV)) < Ct 5 , t e]0,+oo[, 

and (5.9) follows by taking 61,62, 63 such that 6263 = /3 and (1 - 63)61 + k^s = 6. m 

The estimate (5.9) is the keystone in the proof of Theorems 5.1 and 5.2. The candidate to be the 
solutions to the equation (5.1) and the non-homogeneous Cauchy problem (5.2) are, respectively, 
the functions R{X, A)f and u defined by 

u{t, x) = {T{t)f){x) + I {T{t - s)g{s, ■)){x)ds, t € [0, To], x€ M^. (5.12) 
Jo 

The results in the following proposition are now a straightforward consequence of the estimate 
(5.9) and the interpolation arguments in [16, Section 3]. For this reason we skip the proof, referring 
the reader to the quoted paper. 

Proposition 5.6. For fix 9 g]0, 1[ and Tq > the following are true. 

(i) For any f G C^iR'^), the function R{X,A)f belongs to <^2+e^KW) and the estimate (5.3) is 
satisfied by some positive constant C independent of f. 

(ii) For any f G C^+^{R^) and any function g € C([0,To] x R^) such that g{t, •) e C^{R^) for 
any t G [0, Tq], with sup^^jQ \\g{t, •)llc''(R") ^ +00, the function u in (5.12) is bounded and 
continuous m [0,To] x R^. Moreover, u{t,-) G '^'^^^R^) for any t G [0,To] and estimate 
(5.4) is satisfied by some positive constant C independent of f and g. 

We can now complete the proofs of Theorems 5.1 and 5.2. 
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Proof of Theorem 5.1. By Proposition 4.6, we know that Atfj = s^ip for any ip in D[A), where , 
is meant in the sense of distributions. Hence, the resolvent equality immediately implies that the 
function R(\, A)f is a distributional solution of the equation (5.1). Moreover, by Proposition 5.6(i), 
J?(A, A)f e '^^+^(R^) and satisfies estimate (5.3). As a byproduct. Proposition 3.1(i) implies that 
R{X,A)f is the unique distributional solution to the equation (5.1) satisfying the properties of 
Theorem 5.1. The proof is now complete. ■ 

Proof of Theorem 5.2. The uniqueness part of the statement follows immediately from the max- 
imum principle in Proposition 3.1(ii). Moreover, by virtue of Proposition 5.6, we can limit our- 
selves to proving that the convolution term in (5.12), that we simply denote by w, is a distri- 
butional solution to (5.2), with / = 0. Actually for smooth g with compact support this is 
an easy and classical argument using variation of constants. For the general case we pick a se- 
quence {gn} C Cl'^{[0,To] X R^), bounded in the sup-norm, and converging locally uniformly in 
[0,To] X to g. Moreover, for any n e N, we denote by Vn the convolution function defined as v, 
but with g being replaced by g„. As already indicated above, a straightforward computation, based 
on estimate (4.2) with ||q:|| =^ 2 and h — 2, shows that w„ is a classical solution to problem (5.2) 
(with / = and g being replaced by gn). Moreover, its sup-norm may be bounded by a positive 
constant, independent of n and, by Proposition 4.4, w„ converges to v pointwise in [0,To] x R^. 
Now, we observe that, for any smooth function (p G C^(]0, To[xR^), it holds that 

J gn(pdtdx= J {DtVn — ^Vn)ip dtdx = J Vn{—Dt'p — £^*f)dtdx, 

]0,To[xM'^ ]0,To[xM'^ ]0,To[xIR'V 

where £/* is the formal adjoint to operator s^. Letting n — > -|-oo, we deduce that v is a distribu- 
tional solution of (5.2) with / = 0. ■ 

Appendix A. Technical results 

Lemma A.l. Suppose that KeT{Q{x)) is independent of x G R^. Then, the following conditions 

are equivalent: 

(i) for any x G R^, Ker((5(x)) does not contain non-trivial subspaces which are B* -invariant; 

(ii) for any x e R^, let W{x) = e R^ : Q(a;)(S*)'=^ = 0, fc e No}. Then, W{x) = {0}; 

(iii) for any x e and any r € N, let Wr{x) = € R^ : Q{x){B*fi = 0, A; = 0, . . . , r - 1}. 
Then, there exists ko < N, independent of x, such that Wkoix) = {0}; 

(iv) the matrix Qt{x) = /J e''^Q{x)e''^'' ds is positive definite for any t>Q and any x G R^; 

(v) the rank of the matrix ^'■''\x) = [Q{x), BQ{x), B'^Q{x), B^'Qix)] is N, for any x gR^ 
and some r < N, independent of x. 

Proof. We will show that (i) (m), (ii) <J4> (Hi), (ii) <^ (i'v), (Hi) (v). We preliminarily note 
that both W{x) and Wr{x) are independent of x, so that, in the rest of the proof, we simply write 
W and Wr instead of W{x) and Wrix). 

(i) <^ (ii): To prove this equivalence, it sufhces to observe that, for any x € R^, the set W{x) is 
contained in Ker((5(.x)) and is its largest subspace, which is invariant for B*. 

(ii) (iii): Of course, we have only to prove that {ii) (Hi). So, let us suppose that W = 
{0}. Since, Wr D Wr+i, then dim(Wr) > dim{Wr+i) for any r G N. Further, dim(W'i) = 
dim(Ker(Q(0))) is positive and strictly less then N, since Q{0) is a singular and not trivial matrix. 
It follows easily that there exists ko < N such that Wkg = Wko+i- We claim that Wk,, = {0}. 
Let ^ GWk„. Then, Q(0)(B*)^C = for any j = 0, . . . , /co + 1- It follows that B*^ G Wk„ and, 
consequently, Wkg is a _B*-invariant subspace of Ker(Q(0)). Therefore, Wk^ C W = {0} and we 
are done. 

(ii) ^ (iv): Let us fix t > 0, x G R^ and let ^ G R^ be such that {Qt{x)tO = 0- This implies 
that {e^^Q{x)e^^ ^,^) =0 for any s G [0, i]. Hence, Q{x)e'^^ ^ = for any s as above. Since 

+°° k 

Q(x)e''^*C = '-^Q{x){B*)''^, s G [0, t], 

k=0 

Q{x)e'^'^ = if and only if Q{x){B*)''^ = for any k G No, that is if and only if ^ G H^. The 
equivalence between (ii) and (iv) follows immediately. 
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{in) 4^ (v): Let us fix a; e M-'^ and denote by ^j{x) {j = 1,...,N) the rows of the matrix 
^^^\x). Further, fix ^i,...,^jv € M and set ^ := (^i, . . . , ^at). As it is immediately checked, 

J2f=i ^j-^j^'Hx) = if and only if ^ € Wr-i. Hence, the rows of the matrix .^^"^^ are linearly 
independent if and only if WV-i = {0}- From this, the equivalence between (iii) and (v) clearly 
follows. ■ 

The following lemma plays a crucial role in the proofs of Theorems 3.3. 

Lemma A. 2. Fix I > 1 and m > c;_i,r. Then, for any function w € Cl'^^{M.^) it holds that 

[D^,^^y{B.,D)]w= J2 /k^Diw, (A.1) 

where the set a'^ is defined as follows: if dj^,dj^, . . . ,dj,^ (1 < ji < • • • < ife < r) are all the 
non-zero entries of the vector im = (0, rfi, . . . , dr), then 

for some i = 2, . . . ,k, and h < ji + l| 

U {s : iW = i« - ej+') + e|,''+^' for some h < ji] 

for some h < min{ji + l,r}, if aj^ > l|, (A. 2) 

where e]f[~^^^ denotes the h*^ vector of the Euclidean basis ofW'^^. The entries of the matrices 

^^'^ {k e Am) linearly depend only on the entries of the matrix B. In particular, the matrix 
has full rank. 

Proof. By using the chain rule and by taking the structure of the matrix B in (2.3) into account, 
it is easy to see that for any multi-index a G Nq we have 

TV 



{[D'^,{B;D)]w){x)=j2 E (fjbijD''xjD'^-''D,w{^) 

i,, = l /3<c, 



1,1 = 

11/311=1 

N r 

,(W)_^,(iV) 

iX 



r min{s+l,r} 

= E E E E e(-))6..D«-4"'+e-)^(,)^ (A.3) 

s=0 rGJ^s h=0 ie.J>'h 

for any x G . By definition we have = (0, . . . , 0, 1, — 1, . . . , , . . . , dj,, , 0, ...,0). In 

(A. 3) consider all the possible multi-indices a G f^Q with \a\ = if^m)- We see immediately that 
[-^^(m)' is given by the right-hand side of (A.l) for some matrices ^^''^ {k € A^) and 

^ni' ■ It remains to show that the matrix has full rank which equals the number of its 

columns. We split the rest of the proof in two steps. 

Step 1. First, we show that we can make some reduction. More precisely, we show that, without 
loss of generality, we can limit ourselves to prove the assertion for a generic smooth function w 

when: 

(i) the only non-trivial blocks of the matrix B in (2.3) are Bi . . . ,Br; 

(ii) ie(m) = (0, . . . , 0, 1, rfji - 1, 0, . . . , 0). 

As a straightforward computation shows, the entries of the matrix depend only on the 

matrices Bi, . . . ,Br. Hence, we can assume (i). This implies that formula (A. 3) can be rewritten 
as follows: 

s=0 re^a ie^s+i 
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But if we have here \a\ = ie^rn)^ then the only possibilities to obtain a multi-index a — e)-' +6^ ' 
having the block form i^, are exactly the choices r e J^i-i and i G ^j^. So if we split 

z.,(,„) = (0,...,0,l,rfj, -l,0,...,0) + (0,...,0,0,0,rfj,+i,...), 

and, accordingly a = /3+7 with = (0, . . . , 0, 1, dj^ — 1, 0, . . . , 0) and |7| = (0, . . . , 0, 0, 0, cij-^+i, . . . ), 
we see 

where we haven't written out the terms, which do not contribute to ■ This means we that we 
can argue for the function D'^w hence assuming (ii), and the general case will follow, as well. 

Ste-p 2. Let us take a derivative in the block D^^^^^^y Then, there exists an index r € ^ji-i 
such that {a, ei^^) = 1. Taking formula (A. 4) into account, it is immediate to see that 

{B; D)]w = J2 birD"-''^'''+'''"w + 

= [B*^ D}^D»-^r"'w]r + = J4 («;) + , (A.5) 

where [■]r and " " denote, respectively, the r**^ component of the vector in brackets and 

terms which depend on (some of) the Z**^ derivatives of w that arc in a block different from Dl^. 
Finally, we recall that Dj^z denotes the vector of the first order derivatives D^z of the function z, 
with h e J^j. We are interested exclusively in JXfa{w), because only this term will contribute to 
■ In the following, we are going to reorder the vectors D^^ and in such a way that the 

assertion about the rank of will be clear. 

Order the set T c Nq'^ of multi-indices of length dj^ — 1 by ^ anti-lexicographically. That is we 
have 

{dj, - 1,0, . . . ,0) ^ (d,-, - 2,1, . . . ,0) ^ • • • ^ (0, . . .,0,dj, - 1). 
Next, we introduce the set 

A:={Xi,^:={0,...,0,e'f''-'\ ^_7_^ , 0, . . . , 0) : i = 1, . . . ,pj,-i, ^ € v}, 

j'l*^ block 

which we order again anti-lexicographically, still denoting the ordering by -<. The set A describes 
the possible multi-indices having block from if^„^y Reorder the vector D^^^^tw according to this 
ordering. Now pick 7 G F. By considering multi-indices 

7+' := (0, . . . , 0, 7 + e'f"\ 0, . . . , 0), i = l,...,pj„ 

^ V ' 

ji*^ block 

we recover all the multi-indices of block form im , but most of them even several times. For a 

7 G Nq'^ let n{"/) denote the smallest non-negative integer n such that for all n -|- 1 < fc < pj-^ 
we have 7^ = 0. We have, for instance, n{{dj^ — 1, 0, . . . , 0)) =0 (only in this case is n{-f) = 0), 
n{{dj^ — 1, 1, 0, . . . , 0)) = 1 and n((0, . . . ,0,dj^ — 1)) = pj^ — 1. Consider now a multi-index 7 e F 
and all the multi-indices 7+^ i = 1, . . . ,Pji- Precisely for i = 1, . . . ,71(7) we obtain multi-indices 
P which can be written both as 7+* and 7'+* for some 7' ^ 7 and for some 1 < i' < Pj^. We 

set D'^w := Z)'''^'"*^''^^' w, . . . , D''^'" w)^. If 71 ^ 72 ^ ... is an enumeration of 

F, we have now that {D'^w,D'^w, . . is a reordering of Dl^w. Further we set Jif^{w) := 
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(^^^ (w), J^2^(w)), . . . , Jf\j,^^_i,7(w))"'"- From (A. 5) we conclude that 



* [^ji]-n(72) 



DTiw 



V ■ / V ■ y V / 

where [i?*J_s denotes the matrix obtained from B*^ by dropping out the first s columns. The 
block matrix above is block-lower triangular has full rank, as all its blocks on the diagonal do so, 
and its rank is equal to the number of its columns. Thus which is similar to the above block 
matrix, has the asserted properties. ■ 

The following two lemmas are used in the forthcoming proof of the maximum principle of Propo- 
sition 3.1. 

Lemma A. 3. For the first-order differential operator ^, formally defined by the equality S§u{x) = 
{Bx, Du{x)) for any x G and any u G C{R^), where Du is meant in the sense of distributions, 

the following hold: 

(i) For any u G BUC{m.^) such that € C{R^), there exists a sequence {un} of smooth 
functions, converging to u uniformly in R^, such that S^Un € C6(M^) for any n e N and it 
converges to (Wu locally uniformly in R^ . In particular, if u is compactly supported in M.^ , 
then Un is compactly supported in supp(w) + B{1), for any n G N. 



(ii) For any u e BUC{[Q, +oo[xW^) such that Dtu-3§u e C(]0, -|-oo 



, where both DfU and 



Du are meant in the sense of distributions, there exists a sequence of smooth functions, 

converging to u uniformly in [0, +oo[xIR.^, such that DtUn — SSun € (^^([O, +(X)[xIR.^) for any 
n e N and it converges to DiU — locally uniformly in ]0, -|-oo[xIR-'^. In particular, if u is 
compactly supported in ]0, +oo[xM''^, then supp(u„) is compact and contained in a compact 

set, which is independent of n. 

Proof, (i) For any n G N, let w„ = u * where £»„ = g{n-), g G C^{B{1)) being a positive 
function with ||^||li(k«^) and "*" denotes the convolution operator. As it is immediately checked, 
the function Un is smooth and converges to u uniformly in M^. Moreover, if u is compactly 
supported in , then each function u„ is compactly supported in supp(w) + B{1). 
To prove that converges to locally uniformly in M^, we observe that 

^Un= ^U* Qn + Tr{B)Un + U*^gn. (A.6) 

This is enough for our aims. Indeed, as it is immediately seen, u * ,^gn converges to Tr(i?)M 
uniformly in M^. It follows that the right-hand side of (A.6) tends to £§u as n — > -|-oo, locally 
uniformly in M.^ . 

Formula (A.6) is immediately checked in the particular case when u G Cl{M.^), by means of a 
straightforward computation, based on an integration by parts. To prove it for any u G Cb(M^), it 
suffices to write it with u„ and u being replaced, respectively, by u™ = Vm*gn and Vm, where {vm} 
is a sequence of smooth functions converging to u uniformly, and then take the pointwise limit as 
m +00. Indeed, it is immediate to check that u"^, I^u"^ and Vm*^gn converge, respectively, to 
Un, -SSun and u * locally uniformly in R^, as m — ^ +cxd. Moreover, since .SSu"^ converges to 

.^u in the sense of distributions, then ^u"^*gn converges to -SSu^gn pointwise in as m — > +oo. 

(ii) The proof is similar to the previous one. We extend u to ] — oo, 0[xR''^, by setting u{t, x) = 
u{—t, x) for such {t, a;)'s. Next, we approximate u by the sequence {«„} defined by taking the con- 
volution of u with a standard sequence of moUifiers in R^+-'^. Using the same approximation 
argument as in the proof of part (i) , one can show that DfUn — = {Dtu — .'^u) * — Tr(i?)u„ — 
u*^gn, in [a, +oo) x R-'^ for any positive number a such that na > 1. Letting n +oo, it is easy 
to check that DfUn — ^Un converges to DtU — SSu locally uniformly in ]0, -|-oo[xR^. ■ 
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Lemma A. 4. The following hold true: 

(i) Let u e C(M^) be such that SSu G C{M.^), where S^u is meant in the sense of distributions. 
If Xq G is a maximum {resp. minimum) point of u, then {£§u){xo) = 0. 

(ii) Let u e C(]0,ro[xM^) be such that Dtu - .SSu G C(]0, TqIxR^), where Dtu and SSu are 
meant in the sense of distributions. If {to,xo) e]0,ro[xM^ is a maximum {resp. minimum) 
point of u, then {DfU — ^u){to, xo) = 0. 

Proof, (i) We adapt the proof of [15, Proposition 3.1.10] to our situation. Without loosing in 
generality we can assume that xq is a maximum point of u and u{xo) > 0. Indeed, if xq is a 
minimum point, it suffices to replace the function u by —u. Similarly, if xq is a maximum point 
and u{xo) < 0, then the hmction u — 2u(xq) has at xq a positive maximum. 

Let i? > be such that u{x) < u{xq) for any x € Xq + B{R). Further, let -d G C^ixQ + B{R)) 
satisfy '&{x) < '&{xq) for any x € xq + B{R) such that x ^ xq. As it is immediately seen, the 
function v = ud is compactly supported in Xq + B{R) and assumes its maximum value only at Xq. 
A straightforward computation shows that 3§v G BUCipJ^). Let now Vn be a sequence of smooth 
functions compactly supported in xq+B{R+1), converging to v uniformly in and such that 
converges to locally uniformly in R^, whose existence is guaranteed by Lemma A.3(i). Without 
loss of generality, we can also assume that suPrn > for any n G N. Let {xn} C xq + B{R + 1) 
be a sequence such that sup^w Vn = Vn{xn) for any n G N. Up to a subsequence, we can assume 
that Xn converges in to a maximum point of i'. Hence, it converges to xq. To complete the 
proof, it suffices to observe that {^Vn){xn) = 0, for any n G N, and (<^i')(xo) = {S§u){xq) = 0. 

(ii) The proof can be obtained arguing as above, taking Lemma A.3(ii) into account, and replacing 
the function t?, defined in (i), by a cut-off function -0 G C^(]0, ro[xR^), compactly supported in 
[to — R~^,to + R~^] X Xo + B{R), for some R > sufficiently large, and such that tp{t,x) < 
tp{to, Xq) = 1 for any (t, x) g]0, +oo[x xq + B{R), with {t, x) ^ {to, xq). m 

We conclude this section with the proof of the maximum principle in Proposition 3.1 and with 
the proof of Lemma 3.4. 

Proof of Proposition 3.1. (i) Let (p{x) = 1 + |x|^ for any x G M.^ , with Aq sufficiently large such 
that £!/(p — Xo(p < in R^. The existence of such a Ao is guaranteed by our assumptions on the 
growth of the coefhcients of the operator ^ at infinity (see Remark 2.2(i)). 

Set Un = u—n~^(f. Suppose that A > Aq and Xu—s^u = f for some u and / as in the statement of 
the proposition. Then, Au„ — £/un < f. Since u„ tends to — oo as |x| +oo, then, for any n G N, 
there exists x„ G N such that ■u„(x„) = sup^w w„. Taking Lemma A. 4 into account, we can easily 
show that s^Un{xn) < 0. Hence, Au„(x„) < /(x„) < ||/||oo- Since supgw u = lim„^+oo supgw w„, 
it follows that Xv{x) < ||/||oo for any x G . Applying the same argument to —u leads us to the 
assertion in the case when A > Aq. 

Finally, if A g]0, Ao[, we can rewrite the equation Xu — = f a.s Xou — s^u = g, where g = 

f + {Xo-X)u. Applying the estimate so far obtained gives Ao||u||oo < Halloo < (Aq- A)||u||oo + ||/||oo, 
which leads us to the assertion also in this situation. 

(ii) The proof is similar to the previous one. Suppose that .g < in ]0, To[xR^ and introduce 
the function w„ : [0,To] x R^ R defined by u„(i,x) = e~^''*(u(t, x) — supjjjv /) — n~-^(p{x), for 
any {t,x) G [0, Tq] x R^, where Aq and (f are as in the proof of (i). The function u„ satisfies 
the equation DtUn — (jz/ — Aq)?!,! < in ]0,To[xR^ and ■u„(0,-) < 0. Moreover, it attains its 
maximum value at some point {to,xo) G [0,To] x R^. If to = 0, then Un{t,x) < for any 
{t,x) G [0,To] X R''^. On the other hand, if to > by elementary analysis and Lemma A.4(ii), 
{DfUn — £/un){to,xo) > 0. Therefore, w„ < in this case, as well. Taking the limit as n ^ +00 
gives e^^"'^{u{t,x) — supj^w /) < for any {t,x) G [0,To] x R^, and we are done. 

To prove the assertion when 5 > 0, it suffices to apply this part to —u. Finally, estimate (3.2) 
follows straightforwardly from these results. ■ 

Proof of Lemma 3.4. (i)-(iii) Trivial from the definition. 

(iv) Consider all the possible multi-indices /? which are of the form /? = a — e^'^^'' + c'^^,^^^ for 
some < < r such that aj > and j' < j + 1. We get the largest value of qh{P), if actually 
j' = j + 1 holds. For this choice we have qh{l3) = qh{ct) + 1- 
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(v) Let a and /? = a — e^-^"*" ' + be as in the assertions. Since ao = and ||q:|| > /i, after 
dropping out h "derivatives" from a, starting from the right, there will remain at least one positive 
entry whieh is not at the O*'' position. This gives qhip) > 1. Now, the equality QhiP) = <lh{<^) — 1 
is clear from the definition. 

(vi) Observe that, by (v), qh{oi) = <lh{(x) — 1 if ||q!|| > h. Now use (iii) to conclude qh{0) < Qhict) + 1 
and finish the proof. 

(vii) Let a and a be as in the assertion. By definition we have qh{P) = Qh{c() + 1 if ||a|| > h. 
If = ft, - 1, we have qh{a) = 0, \\l3\\ = /i + 1 and qh{j3) = 1/2. For 1|q1| < h - 2 wc have 
qh{a) = qh{P) = (we have used (i)). So in all cases we conclude g/t(5) > qh{/3) — 1- The 
inequality qh{ci) < qh{ct) is trivial, and hence the proof is complete. ■ 
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